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SUMMARY 
The one-dimensional, semiclassical theory  o f  v i b r a t i o n a l  t r a n s i t i o n s  i n  
diatomic molecules i s  extended t o  t h r e e  dimensions. Simple exponent ia l  i n t e r -  
ac t ion  p o t e n t i a l s  a r e  zsumed and a r e  s p h e r i c a l l y  averaged t o  determine t h e  
c o l l i s i o n  t r a j e c t o r y  t h a t  de f ines  t h e  p e r t u r b a t i o n .  For use over  t h e  range o f  
temperatures where small pe r tu rba t ion  theory  a p p l i e s ,  f u l l y  a n a l y t i c  approxi- 
mations a r e  der ived f o r  t h e  c ross  s e c t i o n s ,  t h e  ra te  c o e f f i c i e n t s ,  and t h e  
r e l a x a t i o n  r a t e s .  Vibra t iona l  t r a n s i t i o n s  (predominantly changes o f  one 
v i b r a t i o n a l  l e v e l )  are found t o  be  accompanied by simultaneous r o t a t i o n a l  
t r a n s i t i o n s  (predominantly changes of  zero and two r o t a t i o n a l  l e v e l s )  with 
t h e  r e s u l t  t h a t  v i b r a t i o n a l  t r a n s i t i o n  r a t e s  are increased  by 50 percent  o r  
more. 
The three-dimensional  theory enables  one t o  determine both t h e  g rad ien t  
and t h e  magnitude of  t h e  p o t e n t i a l ,  whereas only t h e  g rad ien t  can be de t e r -  
mined with one-dimensional theory .  The theory can be  f i t  t o  d a t a  reasonably 
wel l  by appropr ia te  choice of  an "e f f ec t ive"  i n t e r a c t i o n  p o t e n t i a l .  This 
p o t e n t i a l  i s  considerably s t e e p e r  and o f  s h o r t e r  range than  p o t e n t i a l s  appro- 
p r i a t e  f o r  s c a t t e r i n g .  This i s  c o n s i s t e n t  with t h e  concept t h a t  many i n t e r -  
ac t ion  p o t e n t i a l s  e x i s t  f o r  molecules,  j u s t  as f o r  atoms. We conclude t h a t  
the  s t e e p e r  i n n e r  p o t e n t i a l s  a r e  p r imar i ly  r e spons ib l e  f o r  v i b r a t i o n a l  t r a n s i -  
t i o n s  , whereas the  o u t e r  p o t e n t i a l s  a r e  p r imar i ly  r e spons ib l e  f o r  s c a t t e r i n g .  
INTRODUCTION 
Rates o f  v i b r a t i o n a l  t r a n s i t i o n  produced by molecular  c o l l i s i o n s  a r e  
involved i n  a number o f  gasdynamic problems. V ib ra t iona l  modes o f  energy 
in f luence  shock-wave s t r u c t u r e ,  cause d i spe r s ion  o f  sound, and are r e spons ib l e  
f o r  s i z a b l e  v a r i a t i o n s  i n  t h e  equat ion o f  s t a t e ,  f o r  example. The r a t e  a t  
which these  modes a r e  e x c i t e d  becomes important whenever i t  i s  comparable with 
the  r a t e  o f  change i n  gas p r o p e r t i e s  generated by flow processes ,  sound waves, 
o r  o t h e r  means. 
Vibra t iona l  modes o f  t h e  atmospheric gases a r e  e x c i t e d  so  l i t t l e  a t  
normal temperatures t h a t  they  can o f t e n  b e  neglec ted  e n t i r e l y .  However, aero- 
dynamicists grew i n t e r e s t e d  i n  v i b r a t i o n a l  r e l a x a t i o n  wi th  t h e  development of 
supersonic  f l i g h t ;  a t  t h a t  t i m e ,  gas temperatures  s u f f i c i e n t l y  h igh  t o  e x c i t e  
v i b r a t i o n a l  energy o f  a i r  were produced i n  flow about veh ic l e s  and i n  shock 
tubes .  
h i g h e r  temperatures  and d i s s o c i a t i o n  o f  molecules became an important  energy 
s i n k  i n  t h e  flow, s i n c e  it w a s  soon recognized t h a t  t h e  rates of d i s s o c i a t i o n  
and recombination were d i r e c t l y  coupled t o  t h e  v i b r a t i o n a l  t r a n s i t i o n  rates 
( r e f s .  1 -3) .  Recently,  t h e  gas laser has k indled  s i i l l  f u r t h e r  i n t e r e s t  i n  
v i b r a t i o n a l  e x c i t a t i o n  and coupled r o t a t i o n a l  t r a n s i t i o n s ,  s i n c e  t h e  o p t i c a l  
t r a n s i t i o n  s t imu la t ed  i n  some gas lasers occurs  between a select  p a i r  o f  
v i b r a t i o n - r o t a t i o n  l e v e l s ,  and t h e  ra te  o f  popula t ion  o r  depopulat ion o f  t h e s e  
l e v e l s  by c o l l i s i o n  i s  one of  t h e  f a c t o r s  a f f e c t i n g  laser ope ra t ion .  
I n t e r e s t  cont inued t o  grow as h ighe r  speed f l i g h t  generated s t i l l  
So many s t u d i e s  o f  v i b r a t i o n a l  e x c i t a t i o n  have been made t h a t  i t  is  
ha rd ly  p r a c t i c a l  t o  recal l  a l l  o f  them h e r e .  
o f  a t t a c k  on t h e  problem can be summarized by r e fe rence  t o  a few s e l e c t e d  
papers .  A c l a s s i c  paper by Landau and T e l l e r  ( r e f .  4 ) ,  i n  1936, analyzed t h e  
one-dimensional co l l i s  ion e x c i t a t i o n  o f  harmonic o s c i l  l a t o r  v i b r a t i o n s  i n  
connection with t h e  d i spe r s ion  of  sound. Using s imple ,  c l a s s i c a l  arguments 
about t h e  form o f  t h e  impulse produced i n  c o l l i s i o n ,  they  deduced t h a t ,  t o  a 
f i r s t  approximation, t h e  v i b r a t i o n a l  r e l a x a t i o n  r a t e  should vary as 
exp[- (8/T)  Probably every set  of  measured v i b r a t i o n a l  r e l a x a t i o n  ra te  
d a t a  eve r  ob ta ined  f o r  diatomic gases has been compared with t h e i r  r e s u l t ,  
gene ra l ly  with reasonably good agreement ( see  refs.  5-9,  f o r  example). The 
Landau-Teller model w a s  r e f i n e d  somewhat by Bethe and T e l l e r  ( r e f .  10) i n  
1945. In  1952, Schwartz, Slawsky, and Herzfe ld  ( r e f .  11) c a r r i e d  through a 
formal quantum t rea tment  o f  energy exchange during one-dimensional c o l l i s i o n  
between harmonic o s c i l l a t o r s ,  based on t h e  work o f  Zener ( r e f s .  1 2  and 13)and 
Jackson and Mott ( r e f .  14) .  Takayanagi ( r e f .  15) independent ly  publ ished 
s imilar  r e s u l t s .  This work has  been widely accepted as t h e  most r igorous 
p r a c t i c a l  a n a l y t i c  approach t o  t h e  problem. Schwartz and Herzfeld followed 
t h e i r  s tudy  wi th  a quantum t rea tment  o f  three-dimensional  c o l l i s i o n s  ( r e f .  16) 
based on t h e  method of p a r t i a l  waves ( r e f .  17) i n  a manner s imilar  t o  t h a t  o f  
Takayanagi ( r e f .  15) .  Although they  d i d  not  de r ive  expressions f o r  t h e  c ross  
s e c t i o n s  - which, i n  p r i n c i p l e ,  can be done with three-dimensional theory  - 
they  were ab le  t o  conclude t h a t  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  have t h e  same 
func t iona l  form i n  t h e  three-dimensional case  as f o r  t h e  one-dimensional 
c o l l i s i o n s .  Treanor,  Rich, and Rehm ( r e f .  18) used t h e  one-dimensional 
Schwartz-Slawsky-Herzfeld theory  t o  i n v e s t i g a t e  e f f e c t s  o f  anharmonicity on 
v ib ra t ion -v ib ra t ion  exchange. 
However, t h e  p r i n c i p a l  methods 
An a l t e r n a t i v e  approach i s  t h e  semic la s s i ca l  o r  impact parameter method 
i n  which t h e  c l a s s i c a l  t r a j e c t o r y  of  motion between gas p a r t i c l e s  i s  used t o  
ob ta in  a time dependent pe r tu rba t ion  p o t e n t i a l ;  then t r a n s i t i o n s  produced by 
t h i s  p e r t u r b a t i o n  a r e  c a l c u l a t e d  by quantum p r i n c i p l e s .  
wavelengths o f  heavy gas p a r t i c l e s  are normally much sma l l e r  than  t h e  s c a l e -  
s i z e  o f  t h e  p o t e n t i a l s  involved,  t h e  c l a s s i c a l  t r a j e c t o r y  i s  a good approxima- 
t i o n  and t h e  semic la s s i ca l  r e s u l t s  are p o t e n t i a l l y  as accura te  as needed f o r  
most p r a c t i c a l  purposes.  In  f a c t ,  Rapp ( r e f .  19) showed t h a t  a complete 
c l a s s i c a l  theory  f o r  t h e  one-dimensional c o l l i s i o n  e x c i t a t i o n  of  harmonic 
o s c i l l a t o r s ,  from t h e  ground s t a t e  t o  t h e  f i r s t  exc i t ed  l e v e l ,  gives  exac t ly  
t h e  same r e s u l t s  as t h e  complete quantum t rea tment  by Herzfeld ( r e f .  2 0 ) .  
However, i n  t h e  more general  case involv ing  t r a n s i t i o n s  between upper v ibra-  
t i o n a l  l e v e l s ,  o r  v ib ra t ion -v ib ra t ion  exchange, it i s  necessary t o  eva lua te  
Since t h e  de Brogl ie  
2 
t h e  wave func t ion  t r a n s i t i o n  mat r ix  elements t o  ge t  c o r r e c t  r e s u l t s .  Rapp and 
Sharp ( r e f s .  21,22) used t h e  semic la s s i ca l  method t o  i n v e s t i g a t e  t h e  v ibra-  
t i o n a l  e x c i t a t i o n  produced by such high energy c o l l i s i o n s  t h a t  small per turba-  
t i o n  theory  fa i l s ,  and Rapp and Golden ( r e f .  23) analyzed t h e  resonant  and 
nea r  resonant  v i b r a t i o n  exchange with t h e  semiclassical approach, a l l  f o r  one- 
dimensional c o l l i s i o n s .  Kerner ( r e f .  24) developed a n a l y t i c  expressions f o r  
t h e  quantum mechanical t r a n s i t i o n  p r o b a b i l i t i e s  o f  harmonic o s c i l l a t o r s ,  sub- 
j e c t  t o  l a r g e  pe r tu rba t ion  fo rces  where mul t ip l e  quantum jumps occur, as func- 
t i o n s  of t h e  energy t r a n s f e r  t o  a classical  forced o s c i l l a t o r ;  and T r e m o r  
( r e f s .  25,26) showed t h a t  t hese  s o l u t i o n s  are c o n s i s t e n t  wi th  t h e  numerical 
s o l u t i o n s  obta ined  by Sharp and Rapp ( r e f .  22).  O f  t h e  t h r e e  b a s i c  methods 
a v a i l a b l e  (quantum, semiclassical, c l a s s i c a l ) ,  t h e  semiclassical method is  
u s u a l l y  s imples t ,  al though t h e  c l a s s i c a l  c o l l i s i o n  t r a j e c t o r y  used i n  it does 
not  c o r r e c t l y  conserve t o t a l  energy i n  t h e  c o l l i s i o n .  
Although one-dimensional c o l l i s i o n  s t u d i e s  l ead  t o  t h e  func t iona l  form o f  
t h e  t r a n s i t i o n  p r o b a b i l i t i e s ,  i t  i s  necessary t o  make an educated guess f o r  a 
" s t e r i c  fac tor"  o r  a " t o t a l  c ross  sec t ion"  i n  o rde r  t o  t ransform such t r a n s i -  
t i o n  p r o b a b i l i t i e s  i n t o  e x c i t a t i o n  c ross  s e c t i o n s  and u l t ima te ly  i n t o  ra te  
c o e f f i c i e n t s .  An abso lu te  d e r i v a t i o n  o f  t h e  c ros s  s e c t i o n s  must be based on a 
three-dimensional model o f  t h e  c o l l i s i o n s .  Calver t  and Amme ( r e f .  27) r e l a t e d  
t h e  one-dimensional t rea tment  t o  a three-dimensional  model i n  an approximate 
way i n  o rde r  t o  a r r i v e  a t  a c ross  s e c t i o n ,  bu t  d i d  not  f u l l y  consider  t h e  
three-dimensional d e t a i l s  o f  t h e  c o l l i s i o n  process  with coupled r o t a t i o n s .  
Mies and Shuler  ( r e f .  2 8 )  extended Shuler  and Zwanzig's t rea tment  ( r e f .  29)  o f  
harmonic o s c i l l a t o r  t r a n s i t i o n s  t o  t h r e e  dimensions, bu t  f o r  impulsive c o l l i -  
s ions  t h a t  are recognized t o  be no t  very r e a l i s t i c ,  and by numerical  methods 
t h a t  do not  y i e l d  a n a l y t i c  r e l a t i o n s .  Thus, t h e r e  i s  need f o r  a f u r t h e r  look 
a t  three-dimensional  c o l l i s i o n  effects on v i b r a t i o n a l  t r a n s i t i o n .  
The p resen t  paper extends t h e  semic la s s i ca l  method t o  three-dimensions 
and provides  expressions f o r  t h e  v i b r a t i o n a l  t r a n s i t i o n  c ross  s e c t i o n s  and 
r a t e  c o e f f i c i e n t s ,  inc luding  t h e  e f f e c t s  of simultaneous r o t a t i o n a l  t r a n s i -  
t i o n s ,  i n  terms of  exponent ia l  i n t e r a c t i o n  p o t e n t i a l  parameters .  The method 
i s  then  f u r t h e r  extended t o  account f o r  conservat ion of  energy, and t h e  
e f f e c t s  of d i s t o r t i o n s  i n  t h e  c l a s s i c a l  t r a j e c t o r y ,  caused by r e v e r s i b l e  and 
i r r e v e r s i b l e  t r a n s f e r  of  energy t o  t h e  v i b r a t i o n a l  mode, a r e  assessed .  The 
va lues  of  t h e  p o t e n t i a l  parameters are found which b e s t  f i t  a v a i l a b l e  exper i -  
mental d a t a  f o r  v i b r a t i o n a l  r e l a x a t i o n .  Simple a n a l y t i c  approximations a r e  
d e l i b e r a t e l y  extended as f a r  as p o s s i b l e ,  even a t  t h e  s a c r i f i c e  of  some 
accuracy, s o  t h a t  t h e  genera l  func t iona l  behavior  of t h e  c ros s  s e c t i o n s  and 
r a t e  c o e f f i c i e n t s  f o r  v i b r a t i o n a l  t r a n s i t i o n s  can be followed more r e a d i l y .  
GENERAL DISCUSSION OF THE PROBLEM 
The problem considered he re  s tar ts  from a given i n t e r a c t i o n  p o t e n t i a l  
between c o l l i d i n g  molecules and ends with t h e  d e r i v a t i o n  o f  a ra te  c o e f f i c i e n t  
and a r e l a x a t i o n  t i m e  f o r  v i b r a t i o n a l  t r a n s i t i o n s .  
t h e  fol lowing s t e p s  : 
The a n a l y s i s  proceeds by 
5 
The i n t e r a c t i o n  p o t e n t i a l  between a homogeneous diatomic molecule and an 
i n e r t  c o l l i s i o n  p a r t n e r  i s  assumed t o  be a s imple  supe rpos i t i on  o f  exponent ia ls  
- r i / L  U = A ~  e 
i 
where t h e  ri  
o f  t h e  t a r g e t  molecule. The cons tan t  A e s t a b l i s h e s  t h e  energy scale,  and 
L i s  a c h a r a c t e r i s t i c  length  t h a t  e s t a b l i s h e s  t h e  p o t e n t i a l  g rad ien t s .  In  
t h e  more genera l  case,  where t h e  v i b r a t i o n a l l y  e x c i t a b l e  molecule i s  inhomo- 
geneous, s e p a r a t e  cons tan ts  A i  and L i  must b e  used f o r  each atom of  t h e  t a r -  
ge t  molecule,  o f  course.  According t o  r e s u l t s  from s c a t t e r i n g  and v i s c o s i t y  
measurements, o r  from quantum mechanical c a l c u l a t i o n s  - f o r  t h e  few cases  
where they  are a v a i l a b l e  - i t  appears t h a t  t y p i c a l  values  of  A are t h e  o rde r  
of  s e v e r a l  hundred e V ,  and t h a t  L i s  a f r a c t i o n  of an Angstrom. 
are t h e  d i s t ances  between t h e  i n e r t  gas p a r t i c l e  and each atom 
The c l a s s i c a l  t r a j e c t o r y  o f  r e l a t i v e  motion between t h e  gas p a r t i c l e s  i s  
next  determined f o r  t h e  s p h e r i c a l l y  symmetric p a r t  o f  t h e  i n t e r a c t i o n  poten-  
t i a l .  This t r a j e c t o r y  de f ines  t h e  impulse- l ike  p e r t u r b a t i o n  o f  t h e  t a r g e t  
molecule; t h e  p e r t u r b a t i o n  U i s  a func t ion  of  t ime t ,  t h e  coord ina tes  of 
t h e  molecule q (which r ep resen t s  a se t  of  gene ra l i zed  coord ina tes  
c o l l i s i o n  energy E ,  t h e  impact parameter b ( i n i t i a l  miss d i s t a n c e  between 
t h e  approaching gas p a r t i c l e s ) ,  as wel l  as t h e  p o t e n t i a l  parameters 
q i ) ,  t h e  
A and L.  
I f  t h e  p e r t u r b a t i o n  i s  small, o r  of  very  s h o r t  du ra t ion ,  t h e  p r o b a b i l i t y  
o f  t r a n s i t i o n  from s t a t e  n t o  n '  may be  c a l c u l a t e d  according t o  small- 
perturbation-quantum theory .  The c a l c u l a t i o n  involves  t h e  i n t e g r a t i o n  o f  U ,  
weighted by t h e  product  o f  t h e  i n i t i a l  and f i n a l  s t a t e  wave func t ions ,  over 
a l l  space and time. Thus, t h e  v a r i a b l e s  t and q a r e  e l imina ted ,  and t h e  
t r a n s i t i o n  p r o b a b i l i t y  takes  t h e  form 
'nn1 (3 )  
General ly ,  small pe r tu rba t ion  theory  w i l l  s u f f i c e  when comparisons can be  made 
with experimental  v i b r a t i o n a l  r e l a x a t i o n  times. However, i f  t h e  ana lys i s  must 
be extended t o  very high c o l l i s i o n  ene rg ie s ,  t h e  small pe r tu rba t ion  r e s u l t  
exceeds u n i t y  and t h e  e f f e c t s  of  coupl ing between ad jacent  s ta tes  m u s t  be  
taken i n t o  account.  With the  approximations used by Kerner ( r e f .  24) ,  t h e  
mul t ip l e  t r a n s i t i o n  p r o b a b i l i t i e s  t h a t  r e s u l t  from such l a r g e  pe r tu rba t ions  
can be  expressed as func t ions  o f  t h e  small p e r t u r b a t i o n  t r a n s i t i o n  r a t e  from 
t h e  ground s t a t e  t o  t h e  f irst  e x c i t e d  s t a t e .  Thus, i n  one form o r  another ,  
t h e  t r a n s i t i o n  p r o b a b i l i t i e s  have a func t iona l  dependence as expressed i n  
equat ion ( 3 )  . 
The c o l l i s i o n  c r o s s  s e c t i o n  f o r  t r a n s i t i o n  i s  j u s t  t h e  sum o f  t h e  
elements of  c ross  s e c t i o n  27ib db weighted wi th  t h e i r  corresponding t rans i -  
t i o n  p r o b a b i l i t i e s .  Thus, c ross  s e c t i o n  i s  a func t ion  of  E ,  A ,  and L only 
a, 
S,((E,A,L) = 4 Pnn,2.rrb db 
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(4) 
The ra te  c o e f f i c i e n t  i s  obta ined  by averaging t h e  c ross  s e c t i o n  over  a l l  
c o l l i s i o n  ene rg ie s .  In  most cases, c o l l i s i o n  energ ies  have a Boltzmann d i s -  
t r i b u t i o n ,  and t h e  r a t e  c o e f f i c i e n t  may be expressed as 
ct nn (T,A,L) = U J m  S nn' (x,T,A,L)x e-x dx (5) 
The v a r i a b l e  o f  i n t e g r a t i o n  x i s  t h e  dimensionless c o l l i s i o n  energy E/kT 
and t h e  f a c t o r  U is  t h e  r o o t  mean square v e l o c i t y .  The dependence o f  c ross  
s e c t i o n  on E i s  transformed t o  t h e  dependence on x and T f o r  t h e  purpose 
o f  i n t e g r a t i n g  over  a l l  x, s o  t h e  r a t e  c o e f f i c i e n t  appears as a func t ion  o f  
temperature  T as we l l  as t h e  p o t e n t i a l  parameters A and L. I n  t h e  more 
general  ca se ,  t h e  p o t e n t i a l  could be  a func t ion  wi th  as many parameters as 
des i r ed ,  o f  course.  
F i n a l l y ,  i f  t h e  molecules a r e  assumed t o  be harmonic o s c i l l a t o r s ,  t h e  
r e l a x a t i o n  t ime is  very simply r e l a t e d  t o  t h e  r a t e  c o e f f i c i e n t  ( r e f .  20) 
1 
na l  0 [ 1 - exp (-hw/kT) J -r(T,A,L) = 
where n i s  t h e  molecule number dens i ty .  
With t h i s  i n t roduc t ion  t o  t h e  s t e p s  t o  be followed, w e  a r e  now prepared 
t o  d iscuss  t h e  semic la s s i ca l  model o f  v i b r a t i o n a l  e x c i t a t i o n  i n  more d e t a i l .  
SEMICLASSICAL TRANSITION RATE MODEL 
Quantum Per tu rba t ion  Theory 
A b r i e f  review o f  t h e  quantum mechanical p e r t u r b a t i o n  method f o r  
c a l c u l a t i n g  t r a n s i t i o n  r a t e s  w i l l  be  h e l p f u l  f o r  t h e  purpose o f  d i scuss ing  t h e  
pe r tu rba t ion  p o t e n t i a l s .  The method begins  by express ing  t h e  wave func t ion  
Y o f  t h e  system during c o l l i s i o n  as a l i n e a r  supe rpos i t i on  o f  t h e  orthonormal 
s e t  o f  wave func t ions  t h a t  desc r ibe  t h e  system i n  i t s  unperturbed s ta tes  $n 
The gene ra l i zed  coord ina te  q i s  understood t o  r ep resen t  a l l  t h e  space 
coord ina tes  involved i n  t h e  problem, and E, i s  t h e  energy of t h e  n t h  
quantum s t a t e  of t h e  unperturbed system. I f  t h e  t o t a l  wave func t ion  is  nor- 
malized, t h e  squares  o f  t h e  abso lu te  va lues  of  t h e  c o e f f i c i e n t s  + ( t )  can be 
i n t e r p r e t e d  as t h e  p r o b a b i l i t y  t h a t  t h e  system w i l l  be  i n  t h e  s t a t e  n a t  t h e  
t i m e  t .  Thus, t h e s e  squares  sum t o  un i ty .  
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The wave func t ion  o f  equat ion (7)  i s  in t roduced  i n t o  Schroedinger 's  t ime 
dependent equat ion 
a y  
a t  HY = i h  - (9) 
i n  which t h e  Hamiltonian ope ra to r  H i s  expressed as t h e  sum o f  t h e  
Hamiltonian f o r  t h e  unperturbed system Ho (which i s  independent o f  t ime) and 
t h e  p e r t u r b a t i o n  energy U c r ea t ed  by c o l l i s i o n  (which i s  a func t ion  o f  both 
molecular coord ina tes  and time) 
When both s i d e s  o f  equat ion (9) are m u l t i p l i e d  by t h e  complex conjugate  wave 
func t ions  $ A I  exp(iEnl t / l i )  and i n t e g r a t e d  over  a l l  space ,  t h e  d i f f e r e n t i a l  
equat ions f o r  t h e  c o e f f i c i e n t s  ani are obta ined  
where t h e  c i r c u l a r  frequency is 
is  Hnn 1 and t h e  t r a n s i t i o n  mat r ix  element 
Equations (11) a r e  a coupled s e t  t h a t  must be so lved  s imultaneously f o r  
a l l  t h e  c o e f f i c i e n t s  an, sub jec t  t o  t h e  given i n i t i a l  condi t ions  a t  t = -m.  
I n  t h e  present  case ,  t h e  molecule i s  known t o  be i n  t h e  s t a t e  n be fo re  
c o l l i s i o n ,  s o  t h e  i n i t i a l  condi t ions  are 
(1 i f  n '  = n 
The f i n a l  values  
caused t r a n s i t i o n  t o  t h e  s t a t e  n ' .  
1 an' (+m) I r ep resen t  t h e  p r o b a b i l i t y  t h a t  t h e  c o l l i s i o n  has 
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In  some cases  t h e  dev ia t ion  from t h e  i n i t i a l  s t a t e  is small throughout 
t h e  c o l l i s i o n .  Then t h e  d i f f e r e n t i a l  equat ions f o r  t h e  c o e f f i c i e n t s  anl  are 
uncoupled and become 
An,  = - 
i s  'nn 1 The t r a n s i t i o n  ra te  
2 Pnn1 - Ian,(+m)l = 
m 2 snl (t)eiwnntt  d t  I I, 
The q u a n t i t y  P n n l  can be  i n t e r p r e t e d  as a t r a n s i t i o n  p r o b a b i l i t y  only 
i f  it is  small compared t o  u n i t y .  This w i l l  normally be t h e  case a t  t h e  r e l a -  
t i v e l y  low c o l l i s i o n  energ ies  which ob ta in  when kT << hwnnl. I n  f a c t ,  over 
t h e  range o f  temperatures  where measured r e l a x a t i o n  times a r e  a v a i l a b l e  f o r  
comparison with theory ,  P n n l  i s  usua l ly  less than  u n i t y ,  even where kT i s  
somewhat l a r g e r  than  h w .  However, a t  very high temperatures ,  Pnnr can 
exceed un i ty  and cannot t hen  be i d e n t i f i e d  as a p r o b a b i l i t y .  Phys ica l ly ,  it 
represents  a t r a n s i t i o n  r a t e  between s t a t e s  i n  t h e  coupled s e t  o f  equa- 
t i o n s  (11) .  In  p r i n c i p l e ,  t h e  coupl ing can be taken i n t o  account f o r  s t rong ly  
per turbed  harmonic o s c i l l a t o r  t r a n s i t i o n s ,  by an approximate method developed 
by Kerner ( r e f .  2 4 ) ,  which y i e l d s  t r a n s i t i o n  p r o b a b i l i t i e s  as a func t ion  of  
P o l .  Thus, c a l c u l a t i o n  of P o 1  i s  t h e  f i r s t  s t e p  i n  t h e  s o l u t i o n  of t h e  
problem i n  e i t h e r  case - weak o r  s t r o n g  coupling. 
The mat r ix  element H n n l  needed f o r  t h e  c a l c u l a t i o n  of  P n n l  i s  
obta ined  from equat ion  (13) once t h e  pe r tu rba t ion  energy U(q, t )  i s  def ined .  
An approximation t o  t h i s  p e r t u r b a t i o n  energy f o r  homonuclear, diatomic 
molecules i s  developed i n  t h e  next  s e c t i o n .  
Approximate Pe r tu rba t ion  Energy f o r  Homonuclear 
Diatomic Mo l ecu le s  
The coord ina te  n o t a t i o n  used t o  analyze t h e  three-dimensional  c o l l i s i o n  
between a homonuclear, diatomic molecule and an i n e r t  c o l l i s i o n  p a r t n e r  i s  
shown i n  f i g u r e  1. The c e n t e r  of  t h e  diatomic molecule i s  t h e  o r i g i n  (only 
one atom o f  t h e  molecule i s  shown i n  f i g u r e  1; t h e  second atom is  understood 
t o  be symmetrically p laced  about t h e  o r i g i n ) .  The t r a j e c t o r y  of r e l a t i v e  
motion between t h e  p a r t i c l e s  i s  assumed t o  be  determined by t h e  s p h e r i c a l l y  
symmetric p a r t  of t h e  i n t e r a c t i o n  p o t e n t i a l ,  i n  which case  t h e  t r a j e c t o r y  
(shown by t h e  dashed curve) l i e s  i n  a s i n g l e  p lane  ( t h e  x-y p lane  o f  f i g .  1). 
The po in t  o f  c l o s e s t  approach is taken t o  be on t h e  x-axis  a d i s t ance  IS 
from t h e  o r i g i n .  The d i s t ances  between t h e  i n e r t  p a r t i c l e  and the  c e n t e r  o f  
t h e  molecule, t h e  c e n t e r  o f  atom 1, and t h e  c e n t e r  o f  atom 2 are des igna ted  by 
r, r l ,  and r 2 ,  r e s p e c t i v e l y .  The angle  between t h e  x-axis and t h e  v e c t o r  r 
i s  x. The d i s t ance  between atoms 1 and 2 i s  p, and t h e  o r i e n t a t i o n  o f  t h e  





F i g u r e  I. - Diagram showing c o l l i s i o n  c o o r d i n a t e s .  
azimuthal angle r$ from t h e  x-ax is .  Then t h e  d i s t ances  rl and r 2  are 
U7a) 
Col l i s ions  a r e  assumed t o  be weak enough t h a t  (p / r )  < 1 f o r  a l l  r. Then, 
reasonable  approximations f o r  t h e  d i s t ances  rl and r 2  are 
A t  t h i s  po in t  t h e  p e r t u r b a t i o n  p o t e n t i a l  i s  taken t o  be a l i n e a r  super-  
p o s i t i o n  o f  exponent ia l  r epu l s ions ,  as i n  equat ion (1) 
1 =- 2Ae-'lL cosh s i n  0 cos ($ - X) (19) 
The bond length p i s  very n e a r l y  equal  t o  i t s  equi l ibr ium value p,, 
and t h e  angle  x i s  small i n  t h e  reg ion  where t h e  pe r tu rba t ion  con t r ibu te s  
appreciably t o  t h e  Four i e r  t ransform.  
expanded t o  terms o f  f i r s t  o r d e r  i n  p - p, and x 
Accordingly, t h e  p e r t u r b a t i o n  is  
P e  Pe P - P e  P s i n  0 c o s ( @ -  X! = -  2 L  s i n  e cos @ +  x - 2 L  s i n  e s i n  @ + -  2 L  s i n  e cos + (20) 
Then, i f  6 = p e / 2 L  
U 2 2Ae -r/L[cosh(6 s i n  0 cos @) + X6 s i n  8 s i n  + s inh(6  s i n  8 cos @) 
(21) 1 P-Pe 2 L  + -  s i n  e cos 4 s inh(6  s i n  e cos @) 
The s p h e r i c a l l y  symmetric p o t e n t i a l  used t o  determine t h e  c o l l i s i o n  
t r a j e c t o r y  i s  obta ined  by averaging over a l l  con f igu ra t ions .  The las t  two 
terms vanish because o f  asymmetry i n  + and (p - p,), and t h e  p a r t  remaining 
i s  
(22) 
- r / L  s i n h  6 - 
6 U = 2Ae -r /L  cosh(6 s i n  e cos $) = 2Ae 
This  s p h e r i c a l  averaging procedure is common p r a c t i c e  i n  quantum t r ea tmen t s ,  
and o f t e n  seems j u s t i f i e d  by t h e  r e s u l t s .  I t  i s  a l s o  j u s t i f i e d  i n  classical  
t rea tments  o f  t h e  motion when cr >> p .  Although cr may n o t  exceed p by a 
l a r g e  margin, t h e  i n e q u a l i t y  cr > p is  usua l ly  s a t i s f i e d  a t  l e a s t ,  so  t h e  
e r r o r  i n  t h e  approximation of  s p h e r i c a l  symmetry does not  grow unreasonably 
l a rge .  
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The cons tan t  A w i l l  b e  def ined  as 
- s i n h  6 A = 2A 6 
This  cons tan t  r ep resen t s  t h e  e f f e c t i v e  p o t e n t i a l  s i z e  parameter  f o r  t h e  t o t a l  
s p h e r i c a l l y  symmetric p o t e n t i a l  when t h e  effects o f  t h e  two s e p a r a t e  atoms i n  
t h e  molecule a r e  added. The pe r tu rba t ion  is now expressed as 
-[(r-o)’L1 u = iioe cosh(6 s i n  0 cos +) + x6 s i n  0 s i n  + s inh (6  s i n  0 cos 4) s i n h  6 
1 P - P e  + -  s i n  e cos + s inh (6  s i n  e cos +) 2 L  
- - 
where Uo = Ae -‘’L, t h e  s p h e r i c a l l y  averaged p o t e n t i a l  a t  t h e  po in t  of  c l o s e s t  
approach. 
The f i r s t  two terms i n  equat ion (24) a r e  func t ions  of  only t h e  r o t a t i o n a l  
coord ina tes  and a r e  r e spons ib l e  f o r  e l a s t i c  s c a t t e r i n g  (A2 = 0)  and pure 
r o t a t i o n a l  t r a n s i t i o n s  ( A 2  # 0). 
l eads  t o  v i b r a t i o n a l  t r a n s i t i o n s  as well , which i n  t h e  ha rmon ic -osc i l l a to r ,  
smal l -per turba t ion  approximation c o n s i s t  of s i n g l e  v i b r a t i o n a l  quantum jumps 
(Av = k l ) .  However, t h e  appearance of t h e  f a c t o r  s i n  0 cos + s inh(6  s i n  8 cos +) 
i n  t h i s  term means t h a t  t h e s e  v i b r a t i o n a l  t r a n s i t i o n s  can be accompanied by 
simultaneous r o t a t i o n a l  t r a n s i t i o n s ,  a f e a t u r e  missing from t h e  one-dimensional 
c o l l i s i o n  model. 
The t h i r d  term i s  l i n e a r  i n  (p - pe) and 
A s  f a r  as v i b r a t i o n a l  t r a n s i t i o n s  a r e  concerned, t h e  e f f e c t i v e  per turba-  
t i o n  i s  j u s t  t h e  t h i r d  term,  which may be expressed as 
n= 1 
From t h e  symmetry o f  t h e  angular  coord ina tes ,  r o t a t i o n a l  t r a n s i t i o n s  are 
l imi t ed  t o  an even number of  quantum jumps. Thus, t h e  symmetry of t h e  
diatomic molecule’s r o t a t i o n a l  wave func t ion  is  preserved i n  t h e s e  t r a n s i t i o n s ,  
cons i s t en t  with t h e  expec ta t ion  t h a t  c o l l i s i o n  pe r tu rba t ions  a r e  not  l i k e l y  t o  
change nuc lea r  s p i n .  I f  n u c l e a r  s p i n  i s  unchanged, r o t a t i o n a l  symmetry must 
be preserved  t o  maintain antisymmetry of  t h e  t o t a l  wave func t ion .  
The summation o f  equat ion (25) i s  uniformly convergent,  even though 6 
i s  normally g r e z t e r  than  u n i t y .  
6 i s  about 2.5.  Then t h e  f i r s t  two terms of  t h e  p e r t u r b a t i o n  a r e  about 
equal  i n  mangitude, bu t  t h e  t h i r d  term i s  only 15 percent  as l a rge  as t h e  
f i r s t  two, while  t he  fou r th  term i s  only 2 percent  as l a rge  and succeeding 
terms become very small. In  view of  t h e s e  magnitudes, it i s  obviously neces- 
s a r y  t o  carry a t  least  t h e  f irst  two terms o f  t h e  expansion; t o  s impl i fy  the  
For t y p i c a l  values  p e  = 1 ,k and L = 0 . 2  a, 
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a n a l y s i s  we s h a l l  t r u n c a t e  t h e  p e r t u r b a t i o n  a t  t h i s  p o i n t ,  however. 
I n  t h i s  case ,  t h e  coupled r o t a t i o n a l  t r a n s i t i o n s  are l i m i t e d  t o  AZ= 0 ,  +2,  +4. 
The var ious  over lap  i n t e g r a l s  and t h e  matr ix  elements r e s u l t i n g  from t h e  per -  
t u r b a t i o n  o f  equat ion (26) are worked out  i n  appendix A. The t runca t ion  does 
not  s e r i o u s l y  a f f e c t  t h e  va lue  of s i n h  6 ,  s o  t h i s  f a c t o r  i s  r e t a i n e d  without 
change. 
The f a c t o r  exp[- ( r -a) /L]  conta ins  t h e  func t iona l  dependence on t i m e  
which determines t h e  magnitude of  t h e  Four i e r  t ransforms i n  equat ion  (16) .  
The c l a s s i c a l  equat ions of motion w i l l  nex t  be used t o  develop an 
approximation f o r  t h i s  time-dependent f a c t o r .  
Classical Tra j ec to ry  Impulse Functions 
The c l a s s i c a l  t r a j e c t o r y  f o r  a s p h e r i c a l l y  symmetric p o t e n t i a l  l i e s  i n  a 
s i n g l e  p lane  as shown i n  f i g u r e  2 ( t he  x-y p lane  o f  f i g .  1 ) .  The v e l o c i t y  
of r e l a t i v e  motion a t  l a r g e  r i s  u,  
and t h e  impact parameter b i s  t h e  
i n i t i a l  m i s s  d i s t ance .  Energy and 
angular  momentum changes involved i n  
t h e  i n t e r n a l  s t a t e  t r a n s i t i o n s  of  t h e  
diatomic molecule w i l l  be  neglec ted  
compared wi th  t h e  k i n e t i c  energy and 
angular  momentum o f  t h e  c o l l i s i o n  
p a r t n e r s ,  s o  t h a t  t h e  l a t t e r  can be 
t r e a t e d  as conserved q u a n t i t i e s .  
(La te r  some adjustments w i l l  b e  made 
t o  account f o r  conservat ion o f  t o t a l  
energy. ) Conservation o f  t h e  angular  
momentum O f  t h e  c o l l i s i o n  p a r t n e r s  
X 
M 
Figure  2 . -  C l a s s i c a l  t r a j e c t o r y  of r e l a t i v e  motion 
between p a r t i c l e  P and molecule  M. r equ i r e s  t h a t  
m r 2 x  = mub 
while  conserva t ion  o f  energy r equ i r e s  t h a t  
( 2 7 )  
- 
where m i s  t h e  reduced m a s s  of t h e  two c o l l i s i o n  p a r t n e r s  and U ( r )  i s  t h e  
s p h e r i c a l l y  symmetric average p o t e n t i a l  ob ta ined  i n  equat ion  ( 2 2 ) .  Solving 
f o r  X from equat ion (27) and s u b s t i t u t i n g  i n  equat ion ( 2 8 ) ,  one ob ta ins  
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A t  t h e  d i s t a n c e  o f  c l o s e s t  approach 
c o l l i s i o n )  and from equat ion (29) 
2 vanishes  by symmetry ( f o r  an e l a s t i c  
- 
b2 = a2(1 - -) 2ua 
mu2 
Prec i se  knowledge of  t h e  p o t e n t i a l  i s  most important n e a r  t h e  t u r n i n g  
p o i n t  where t h e  p e r t u r b a t i o n  is  l a r g e s t .  Expansions about t h e  po in t  of  
- c l o s e s t  approach ( t  = 0) y i e l d  t h e  even func t ion  f o r  t h e  p e r t u r b a t i o n  impulse 
U(t> 
and t h e  odd func t ion  f o r  t h e  angle  x ( t )  
A l l  t ime d e r i v a t i v e s  a t  t h e  t u r n i n g  po in t  may be  eva lua ted  i n  terms of  L ,  b ,  
and a ( i . e . ,  ro)  
- 
.. uo u2b2 ro = - + -  
mL ,3 
- (33) 
For most purposes i t  would be s u f f i c i e n t  t o  use j u s t  t h e  f i r s t  term i n  
x ,  b u t ,  as we have seen ,  t h i s  q u a n t i t y  i s  not  needed f o r  t h e  expansion f o r  
c a l c u l a t i o n s  o f  v i b r a t i o n a l  t r a n s i t i o n s  anyway. Only t h e  exponent ia l  func t ion  
i n  equat ion (31) i s  needed f o r  t h i s  purpose,  and t h i s  func t ion  is  very s e n s i -  
t i v e  t o  t h e  exact  value of  r. The f i r s t  exponent ia l  f a c t o r  f a l l s  t o o  r a p i d l y  
as t 2  i n c r e a s e s .  The fol lowing f a c t o r s  o s c i l l a t e  i n  s i g n  of  t h e  exponent, 
and t h e  t o t a l  express ion  does not  converge very r a p i d l y .  Thus equat ion (31) 
1 2  
i s  n o t  very use fu l  as it s t a n d s .  
an exact  s o l u t i o n  does e x i s t  f o r  head-on c o l l i s i o n s  ( r e f s .  1 2 ,  13, 19) 
(b = 0 ,  no = mu2/2) 
However, f o r  t h e  exponent ia l  p o t e n t i a l  form 
- 
U(t) = go sech2(a t )  (35) 
The cons tan t  a i s  u/2L when b = 0 .  Now it is  a n t i c i p a t e d  t h a t  t h e  most 
e f f e c t i v e  c o l l i s i o n s  are those  where t h e  miss  d i s t ance  is small, s i n c e  t h e s e  
p e n e t r a t e  deepest  i n t o  t h e  p o t e n t i a l  and cause t h e  s t r o n g e s t  pe r tu rba t ions .  
Therefore ,  w e  choose a s o l u t i o n  wi th  t h e  same form as equat ion (35) t h a t  w i l l  
reduce t o  t h e  exac t  s o l u t i o n  when b = 0 ,  bu t  l e t  t h e  cons tan t  a t ake  t h e  
value t h a t  gives  t h e  c o r r e c t  f i r s t - o r d e r  terms i n  t h e  expansion of  t h e  th ree -  
d imens iona l - t r a j ec to ry  about t h e  p o i n t  
We s h a l l  de f ine  E as t h e  f r a c t i o n  o f  
of c l o s e s t  approach 
u2b 
t h e  c o l l i s i o n  k i n e t i c  energy t h a t  i s  
transformed i n t o  p o t e n t i a l  energy a t  t h e  po in t  of c l o s e s t  approach- 
- - 
2uo "0 
E = - T = -  E mu 
In terms o f  E, t h e  cons tan t  a may be expressed 
(37) 
Th.is va lue  of  a gives  t h e  c o r r e c t  form n e a r  t h e  t u r n i n g  p o i n t  a t  t h e  expense 
of  some mismatch i n  t h e  asymptot ic  behavior .  The p a r t i c l e s  should recede from 
one another  with a v e l o c i t y  
o f  equat ion (35) 
u a t  very l a r g e  t ime,  whi le  t h e  asymptotic form 
- - (u t /L ){ l - ( l -E )  [1-(2L/O)] P2 
U(t> 4 ~ ~ e - ~ ~ ~  = 4E ($) e (39) 
1 / 2  
corresponds t o  an escape v e l o c i t y  u{ l  - (1 - E) [l - (2L/0)]1 . Even s o ,  
equat ion (35) i s  a far b e t t e r  approximation than  t h e  s imple expansion o f  
equat ion (31) ,  f o r  t h e  asymptot ic  behavior  i s  c o r r e c t l y  descr ibed  as E + 1. 
Actua l ly ,  we need n o t  be p a r t i c u l a r l y  concerned wi th  t h e  slowly vary ing  per-  
t u r b a t i o n  fa r  from t h e  t u r n i n g  p o i n t ,  s i n c e  t h i s  p o r t i o n  does not  c o n t r i b u t e  
apprec iab ly  t o  t h e  Four ie r  t ransform i n  equat ion (16) .  Rather ,  an approxima- 
t i o n  is  r equ i r ed  which i s  n e a r l y  c o r r e c t  i n  t h e  reg ion  where t h e  r a t e  of  
change dU/dt has  passed i t s  maximum, as t h i s  w i l l  p i ck  up t h e  major contr ibu-  
t i o n  t o  t h e  Four ie r  t ransform.  Equation (35) should be a reasonable  approxi- 
mation i n  t h i s  s ense  as long as E = 1, and t h i s  may be  s u f f i c i e n t  t o  p i ck  up 
t h e  important c o n t r i b u t i o n  t o  t h e  v i b r a t i o n a l  t r a n s i t i o n  c ross  s e c t i o n .  
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The p e r t u r b a t i o n  p o t e n t i a l  o f  equat ion (26) i s  next  used t o  c a l c u l a t e  t h e  
t r a n s i t i o n  p r o b a b i l i t i e s  , t h e  c ros s  s e c t i o n s ,  and t h e  r a t e  c o e f f i c i e n t s  f o r  
v i b r a t i o n a l  t r a n s i t i o n s  produced by low energy c o l l i s i o n s ,  where t h e  small 
pe r tu rba t ion  method i s  v a l i d .  
dures  o u t l i n e d  i n  t h e  General Discussion o f  t h e  Problem. 
These c a l c u l a t i o n s  w i l l  i l l u s t r a t e  t h e  proce- 
TRANSITION PROBABILITIES, CROSS SECTIONS, AND RATE COEFFICIENTS 
Vibra t iona l  Trans it i o n  P robabi  1 i t y  
That p a r t  o f  t h e  pe r tu rba t ion  func t ion  which con t r ibu te s  t o  v i b r a t i o n a l  
t r a n s i t i o n  has been approximated 
mu2 6 2  P - P e  
U = E ( . )  sech2 ( a t )  
The pe r tu rba t ion  mat r ix  element f o r  simultaneous t r a n s i t i o n  from quantum 
s t a t e  (v ,  2, m) t o  s t a t e  ( V I ,  Z', m') i s  
H(v,Z,m;v',Z' ,ml) = B(v,Z,m;v',Z' ,m')E($) s e c h 2 ( a t )  
where t h e  constant  B(v, 2, m; V I ,  Z', m') i s  t h e  over lap  i n t e g r a l  
These cons tan ts  a r e  eva lua ted  i n  appendix A f o r  t h e  usual  r i g i d - r o t a t o r ,  
harmonic-osc i l la tor  wave func t ions .  Changes i n  v i b r a t i o n a l  quantum number are 
l imi t ed  t o  Av = +1, while  changes i n  r o t a t i o n a l  quantum number a r e  l i m i t e d  t o  
A 2  = 0 ,  k2, +4. The changes i n  magnetic quantum number are l imi t ed  t o  A m = O ,  
+2 ,  24 a l s o ,  and t h e s e  correspond t o  r e o r i e n t a t i o n  o f  t h e  angular  momentum 
vec to r  i n  space as r e s u l t  o f  t h e  c o l l i s i o n .  The energy of  t h e  r i g i d  r o t a t o r  
does no t  depend on magnetic quantum number, s o  t h e  t r a n s i t i o n s  involv ing  d i f -  
f e r e n t  i n i t i a l  values  of  m can be averaged t o  ob ta in  a t o t a l  t r a n s i t i o n  
p r o b a b i l i t y  f o r  (v, 2) + (VI ,  2') . Since t h e  p r o b a b i l i t y  i s  p ropor t iona l  t o  
t h e  mat r ix  element squared,  t h e  values  of 
t o t a l  mat r ix  element squared f o r  a given t r a n s i t i o n  (v,  2)  t o  (v+Av, Z+AZ). 
p2 m u s t  be  averaged t o  ge t  t h e  
A l l  o f  t h e  t r a n s i t i o n s  involved i n  t h i s  average have t h e  same va lue  of 
c i r c u l a r  frequency 
1 4  
Although it i s  d i f f i c u l t  t o  average over  m i n  genera l ,  t h e  average 
approaches a s imple l i m i t i n g  va lue  f o r  
l i m i t  w i l l  be  used h e r e ,  inasmuch as 2 i s  the o r d e r  o f  10 o r  g r e a t e r  f o r  
most o f  t h e  c o l l i s i o n s  t h a t  occur  i n  gases a t  t h e  temperatures  o f  i n t e r e s t ,  
kT-  hw. Furthermore, t h e  l i m i t i n g  average f o r  l a rge  2 i s  independent o f  
2, 
o f  r c t a t i o n a l  s ta tes  t h a t  must be performed even tua l ly .  
2 >> 1, as shown i n  appendix A.  This  
which is  fo r tuna te  i n  view o f  t h e  averaging over  a Boltzmann d i s t r i b u t i o n  
According t o  t h e  r e s u l t s  i n  appendix A,  t h e  f i n a l  values  f o r  t h e  averaged 
matr ix  elements squared are 
1 6 4  v+ (1/2) * (1/2) B2(f1,+4) = (22ziO)(sinh2 ~ 6)[ 8 L 2 v w / h  (45 c) 
where p i s  t h e  reduced mass of t h e  diatomic molecule. The next  term i n  t h e  
expansion o f  t h e  p e r t u r b a t i o n  func t ion  of  equat ion (25) w i l l  c o n t r i b u t e  some- 
t h i n g  t o  t h e  terms o f  o r d e r  A 6 ,  b u t  no t  t o  t h e  lower o r d e r  terms.  
1 Note t h a t  diatomic molecules wi th  e l e c t r o n i c  s ta tes  o t h e r  than  should,  
s t r i c t l y  speaking,  be  descr ibed  by symmetric t op  wave func t ions .  
p r o j e c t i o n  of  e l e c t r o n i c  s p i n  and angular  momenta on t h e  i n t e r n u c l e a r  ax i s  i s  
r a r e l y  more than  3/2 quantum u n i t s  i n  molecules of i n t e r e s t ,  s o  a t  high ro t a -  
t i o n a l  quantum numbers 
e l e c t r o n i c  momentum should be small. Accordingly, we apply t h e  above r i g i d -  
r o t a t o r  mat r ix  elements t o  diatomic molecules i n  genera l .  
However, t h e  
2 ,  t h e  pe r tu rba t ion  of  r i g i d - r o t a t o r  wave func t ions  by 
The Four ie r  t ransform o f  t h e  sech2(a t )  i s  a well-known i n t e g r a l  
(46) 
Trw Trw - 2vw - ( ~ r w / 2 a )  (sech2 at)eiwt d t  = - csch - e r, a2 2a (w/a )>> i  a2 
Thus, i n  t h e  l i m i t  as (w/a) >> 1, which i s  a condi t ion  f o r  small p e r t u r b a t i o n  
theory  t o  be v a l i d ,  t h e  t r a n s i t i o n  p r o b a b i l i t y  becomes 
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where t h e  i n d i c e s  i n d i c a t i n g  t h e  p a r t i c u l a r  t r a n s i t i o n  involved a r e  dropped 
f o r  economy i n  n o t a t i o n .  The t e r m .  P ,  w, and B are understood t o  r ep resen t  
t h e  values of  
given by equat ions  (44) and (45), r e s p e c t i v e l y .  
P(Av,AZ), w(Av,AZ), and B(Av,AZ). The l a t te r  two cons t an t s  a r e  
Vib ra t iona l  
The c o l l i s i o n  c ros s  s e c t i o n  
s =  
T r a n s i t i o n  Cross Sec t ion  
f o r  t h e  t r a n s i t i o n  may be expressed 
lm - p”, 2 ~ b  db 
where Po r ep resen t s  t h e  t r a n s i t i o n  rate fo r  head-on c o l l i s i o n s  when b = 0.  
According t o  equat ion  (47) 
and from equat ion  (39) 
where a, = u/2L, CT i s  t h e  d i s t ance  o f  c l o s e s t  approach, and o0 w i l l  be 
used t o  des igna te  t h a t  p a r t i c u l a r  value o f  
s i o n s ,  t h a t  i s ,  when b = 0 .  From t h e  r e l a t i o n  between b and CT (see 
CT which occurs f o r  head-on c o l l i -  
eq. (30)) 
b2 = a 2 ( 1  - E) (5 1) 
i t  follows t h a t  
For t h e  exponent ia l  form o f  t h e  i n t e r a c t i o n  p o t e n t i a l  assumed he re  
and i n  t h i s  case,  equat ion (52) becomes 
2 ~ b  db = - ~ T C T ~  (54) 
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S u b s t i t u t i n g  equat ions (50) and (54) i n t o  t h e  pre-exponent ia l  f a c t o r  o f  t h e  
in tegrand  i n  equat ion (48), one ob ta ins  
I t  can be a n t i c i p a t e d  t h a t  i f  Tw/ao  >> 1 ,  t h e  major con t r ibu t ion  t o  t h i s  
i n t e g r a l  w i l l  come from t h e  reg ion  where E 1 and a - ao. Therefore ,  t h e  
in tegrand  o f  equat ion  (55) w i l l  be  expanded t o  terms o f  first o rde r  i n  (1 - E ) .  
From equat ion (53) , 
Thus 
= Tr0 2 
0 
2L 
710 0 2[1 + 0. 0 ( 1 -  E) + . . 
-1 1 + - (T)  -[1+ - ( 1 - E )  + . . 
- - T O 2  
2L 1 - E  2L 
00 0 
while  from equat ion  (50) 
a0 
a 
- -  
Thus, t o  t h i s  approximation, t h e  cross  s e c t i o n  becomes 
This i n t e g r a t i o n  i s  e a s i l y  performed t o  g ive  
J 
In  t h e  l i m i t  as (71w/2a0) >> 1, t h e  cross  s e c t i o n  t akes  t h e  form 
(57) 
The f a c t o r  
t o t a l  c ross  s e c t i o n  f o r  v i b r a t i o n a l  t r a n s i t i o n  t o  be  used wi th  t h e  one- 
dimensional c o l l i s i o n  t r a n s i t i o n  p r o b a b i l i t y  Po. I t  can be seen t h a t  t h i s  
s te r ic  f a c t o r  is no t  cons t an t ,  as usua l ly  assumed, b u t  because o f  t h e  th ree -  
dimensional n a t u r e  o f  t h e  c o l l i s i o n ,  is approximately p ropor t iona l  t o  t h e  
v e l o c i t y ,  u, as suggested by Calver t  and Amme ( r e f .  27).  
I T ~ , ~ / ( I T U / ~ ~ , )  [l  - (2L/00)] may be thought  o f  as t h e  e f f e c t i v e  
In t h e  o t h e r  limit as vw/2ao[ l  - (2L/ao)] << 1, t h e  e f f e c t i v e  c ros s  
s e c t i o n  approaches 
p l a u s i b l e  r e s u l t ,  though t h e  assumptions made t end  t o  break down i n  t h i s  l i m i t .  
mo2, according t o  equat ion  (60) .  This  i s  a phys ica l ly  
Vib ra t iona l  T rans i t i on  Rate Coef f i c i en t s  
The c ross  s e c t i o n  is  next  averaged over  a Boltzmann d i s t r i b u t i o n  of 
c o l l i s i o n  energ ies  t o  ge t  t h e  r a t e  c o e f f i c i e n t  a 
- 
a = :J,” Sxe-X dx 
where x i s  the  dimensionless c o l l i s i o n  energy mu2/(2kT), m i s  t h e  reduced 
mass o f  t h e  c o l l i s i o n  p a r t n e r s ,  and Ti The 
symmetry number (s) i s  un i ty  f o r  c o l l i s i o n s  between un l ike  molecules,  b u t  must 
be 2 f o r  c o l l i s i o n s  between l i k e  molecules,  i n  o r d e r  t o  avoid count ing 
c o l l i s i o n  systems twice i n  t h i s  case .  
i s  t h e  mean v e l o c i t y  (8kT/~rm) 1’2. 
Some allowance must now be  made t o  account f o r  conserva t ion  o f  energy i n  
those  c o l l i s i o n s  t h a t  cause v i b r a t i o n a l  t r a n s i t i o n .  Rapp ( r e f .  19) l e t s  t h e  
e f f e c t i v e  c o l l i s i o n  v e l o c i t y  u be t h e  average of i n i t i a l  and f i n a l  veloc-  
i t i e s  (u i  + uf ) /2 ,  and Herzfeld ( r e f .  20) p o i n t s  out t h a t  t h i s  s u b s t i t u t i o n  i s  
necessary t o  r econc i l e  t h e  c l a s s i c a l  and quantum r e s u l t s .  To terms of  second 
o r d e r  t h i s  is  equiva len t  t o  l e t t i n g  t h e  e f f e c t i v e  c o l l i s i o n  energy be t h e  
average o f  t h e  i n i t i a l  and f i n a l  ene rg ie s .  
where u i  i s  t h e  i n i t i a l  v e l o c i t y .  The use of t h e  k s i g n  depends on 
whether t h e  t r a n s i t i o n  is  t o  t h e  ad jacent  lower o r  upper v i b r a t i o n a l  s t a t e ,  
r e s p e c t i v e l y .  The e f f e c t i v e  dimensionless c o l l i s i o n  energy x i s ,  
accordingly 
where x i  i s  mui2/2kT, t h e  i n i t i a l  value of x. The c ross  s e c t i o n  has  been 
der ived  as a func t ion  o f  x,  while  t h e  Boltzmann d i s t r i b u t i o n  o f  c o l l i s i o n  
energ ies  given i n  equat ion  (62) i s  r e a l l y  a func t ion  o f  X i ,  t h e  i n i t i a l  
va lue .  The v a r i a b l e  of  i n t e g r a t i o n  is  changed from xi  t o  x, and t h e  ra te  
c o e f f i c i e n t  becomes 
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co t(hw/2kT) 
S(x)(x T &) e-x dx 
i w / 2 k T  
a = - e  
S 
The f a c t o r  exp(thw/2kT) i s  exac t ly  t h a t  requi red  
forward r a t e  t o  t h e  r eve r se  ra te  i s  t h e  Arrhenius 
preserves  d e t a i l e d  ba lanc ing  a t  equi l ibr ium.  The 
s o  t h a t  t h e  r a t i o  of  t h e  
f a c t o r  exp(-hw/kT), which 
lower l i m i t  o f  t h e  i n t e g r a l  
i s  found t o  be t h e  same f o r - e i t h e r  e x c i t a t i o n  o r  d e e x c i t a t i o n ,  s i n c e  t h e  exc i -  
t a t i o n  c ross  s e c t i o n  vanishes  f o r  c o l l i s i o n  energ ies  l e s s  than  hw. 
The cross  s e c t i o n  has  been found as a func t ion  o f  t h e  effect ive v e l o c i t y  
u i n  equat ion (61) 
s = ( noo;,) 16n132$wL3U e-(2"wL/u) 
1 - -  
I t  w i l l  be  convenient t o  express  t h i s  r e s u l t  i n  terms o f  t h e  dimensionless 
c o l l i s i o n  energy x and a c h a r a c t e r i s t i c  energy E, 
Then equat ion (66) becomes 
where t h e  cons tan ts  F and G are 
F = 64nB2 (*r2 Ec3kT 
112 
G = 2n (g) 
S u b s t i t u t i n g  equat ion (68) i n t o  (65),  one ob ta ins  f o r  t h e  ra te  c o e f f i c i e n t  
d x  (71) 
*(hw/2kT) - [X+(G/X"~)I  a = - e  
S 
19 
The in tegrand  has  a sha rp  maximum pr imar i ly  determined by t h e  f a c t o r  
exp-[x - (G/x112)]. 
maximum, 
This  f a c t o r  has i t s  maximum where t h e  exponent i s  a 
The c h a r a c t e r i s t i c  energy E, i s  s e v e r a l  e V  f o r  most diatomic molecules,  
and t h e  cons tan t  G i s  t h e  o rde r  o f  10 t o  100; t h e r e f o r e ,  t h e  maximum occurs 
a t  r a t h e r  l a r g e  values  of 
pre-exponential f a c t o r s  and t o  t h e  lower l i m i t  o f  t h e  r a t e  c o e f f i c i e n t  i n t e g r a l  
were ignored.  
x, j u s t  as w e  assumed when t h e  co r rec t ions  t o  t h e  
The pre-exponent ia l  f a c t o r s  X ~ ’ ~ [ X  - (hw/2kT)] and o0 i n  equat ion (71) 
are evaluated a t  Xm, and t h e  exponent i s  expanded about xm 
The i n t e g r a l  i n  equat ion  (75) i s  approximately 
dy 2 / ! !  Lm e-3y2’4xm 
and t h e  cons tan t  F expressed i n  terms o f  xm is  
2 
F = B 2 (a) 8kT 




where t h e  d i s t a n c e  o f  c l o s e s t  approach f o r  head-on c o l l i s i o n s  at  the  energy 
I 
- -  
xmkT i s  
The r a t e  c o e f f i c i e n t ,  expressed i n  terms o f  temperature  and t h e  
c h a r a c t e r i s t i c  energy E,, i s  
where t h e  t o t a l  c ros s  s e c t i o n  a t  t h e  v e l o c i t y  Um i s  
6 
Zn (A3/n2k2T2Ec) 
1 -  
Equation (80) demonstrates t h e  famil iar  r e s u l t  ( r e f s .  4 ,  11, 19) t h a t  Zn c1 
v a r i e s  e s s e n t i a l l y  as -T-1’3. 
Rapp ( r e f .  19) c a l l e d  a t t e n t i o n  t o  one a d d i t i o n a l  f a c t o r ,  due t o  long- 
range a t t r a c t i v e  fo rces  i n  t h e  in te rmolecular  p o t e n t i a l ,  which can become 
important a t  low temperature .  I f  t h e  depth of t h e  p o t e n t i a l  w e l l  i s  A ,  t h e  
c o l l i s i o n  energy i s  e f f e c t i v e l y  increased  by A be fo re  it i s  absorbed i n  
climbing t h e  p o t e n t i a l  b a r r i e r .  This amounts t o  a s h i f t  i n  t he  Boltzmann 
d i s t r i b u t i o n  o f  c o l l i s i o n  ene rg ie s  by t h e  f a c t o r  exp(A/kT). Since t h i s  fac-  
t o r  does not  e n t e r  t h e  i n t e g r a t i o n s ,  it simply m u l t i p l i e s  t he  f i n a l  r e s u l t s  o f  
equat ions (78) and (80) .  
Equation (78) o r  (80) gives  t h e  rate c o e f f i c i e n t  f o r  a s p e c i f i c  v ib ra t ion -  
r o t a t i o n  t r a n s i t i o n .  The values  o f  B2 and w w i l l  be  d i f f e r e n t  f o r  d i f f e r e n t  
t r a n s i t i o n s ;  r e c a l l  t h a t  t h e  ind ices  spec i fy ing  t h e  exact  t r a n s i t i o n  were 
omit ted f o r  convenience. Now, however, t h e  t o t a l  r a t e  c o e f f i c i e n t  f o r  a 
given v i b r a t i o n a l  t r a n s i t i o n ,  ~ ( A v ) ,  is obta ined  by summing t h e  c o e f f i c i e n t s  
f o r  a l l  p o s s i b l e  r o t a t i o n a l  t r a n s i t i o n s ,  a(Av,AZ) , and averaging over  t h e  
-6 
i n i t i a l  d i s t r i b u t i o n  of 
This  is  accomplished by 
weighted average, which 
r o t  a t  i on a1 s t a t  es 
~ ( A v )  = c a (Av, A 2) 
A z = O  , t 2 , 4 4  
s u b s t i t u t i n g  f o r  B2 i n  equat ion  (80) an appropr i a t e  
is  de r ived  i n  t h e  next  s e c t i o n .  
2 1  
Effect of  Rota t iona l  Exc i t a t ion  
To a f irst  approximation, t h e  energ ies  and t h e  c i r c u l a r  f requencies  
'Av,AZ) are independent o f  t h e  r o t a t i o n a l  quantum number Z. In  t h e  l i m i t  as 
>> 1, t h e  ma t r ix  elements averaged over  a l l  values  of  m, B2(Av,A2) , are 
a l s o  independent o f  2, as shown i n  appendix A. Thus, t h e  f i n a l  mat r ix  e le-  
ment f o r  a given v i b r a t i o n a l  t r a n s i t i o n  Av may simply be taken as t h e  sum 
and t h i s  va lue  used i n  equat ion (80) w i l l  g ive t h e  f i r s t - o r d e r  approximation 
t o  t h e  t o t a l  ra te  c o e f f i c i e n t  f o r  a given v i b r a t i o n a l  t r a n s i t i o n  v t o  
v + Av. 
I n  t h e  second approximation, t h e  small v a r i a t i o n s  o f  w a r e  taken  i n t o  
account .  To f irst  o r d e r  i n  v and 2, t h e  energy o f  a given s t a t e  i s  
E = hw(v + +) + B Z ( Z  + 1) (84) 
where B i s  t h e  r o t a t i o n a l  energy cons tan t .  The c i r c u l a r  f requencies  f o r  t h e  
allowed t r a n s i t i o n s  are 
E ~ + A ~ , Z + A Z  - E  v,Z = ,[,, + 2 B A Z  (z + A z + 1 ) ]  
h hw 2 w(Av,Az) = 
Since  Z i s  normally l a r g e  compared with u n i t y ,  [ (Az+l) /2]  w i l l  be  neglec ted  
compared with 2 ,  and t h e  approximate express ion  used f o r  t h e  c i r c u l a r  
frequency i s  
Then, approximate co r rec t ions  t o  t h e  f i r s t - o r d e r  ra te  c o e f f i c i e n t  a(Av,O) a r e  
Using equat ion ( 8 6 ) ,  and s e t t i n g  w(Av,O) = wo, it i s  found t h a t  
22 
Since (2B/hw0) = 2 ~ l O - ~  
may be expanded and 
f o r  t y p i c a l  molecules,  t h e  exponent i n  equat ion (87) 
Dependence of R(Av,AZ) on Z is  removed when t h e  co r rec t ion  f a c t o r  i s  
averaged over  a Boltzmann d i s t r i b u t i o n  o f  i n i t i a l  r o t a t i o n a l  quantum numbers 
- (B/kT) Z ( Z +  1) 
R(AV,AZ)  = - kT z K ( A v , A z )  (2z+ l )e  
z= 0 
(89) 
An a n a l y t i c  approximation f o r  t h i s  average can be  obta ined  by r ep lac ing  t h e  
summation with an i n t e g r a l .  S e t  
g = X,A 
Then 
> 
The in tegrand  i n  equat ion (90a) has  a maximum near y = 0 and i n  equa- 
t i o n  (90b) t h e  in t eg rand  has  a maximum n e a r  y = g .  Using t h e s e  values  f o r  y 
i n  t h e  pre-exponent ia l  term, and i n t e g r a t i n g  t h e  r e s u l t i n g  s i m p l i f i e d  i n t e g r a l  
gives  
2 3  
I 
These are combined t o  g ive  a t o t a l  c o r r e c t i o n  f a c t o r  f o r  a given I A Z l .  
5.5 - The c o r r e c t i o n  f a c t o r s  given by 
N2 L=.25% --------- equat ion  (92) are shown as func t ions  
of  temperature  i n  f igu res  3 and 4 f o r  .A/ r 
diatomic molecules N 2  and 02  and f o r  
t y p i c a l  values  o f  L = 0.2 and 0.25 A. 
I t  i s  seen  t h a t  t r a n s i t i o n s  v - t v  k l ,  
2 -f 72 can i n c r e a s e  i n  p r o b a b i l i t y  by 
N2 L=.2A_-, __---- f a c t o r s  o f  about 4 and t h a t  t r a n s i -  _---- t i o n s  v + v + I ,  2 -t 2 74 can inc rease  
0 2  L=.2A by f a c t o r s  o f  10. The matr ix  elements 
B 2  depend only on t h e  abso lu te  magni- 
tude  o f  t h e  change i n  2, s o  t h e  t o t a l  
c o r r e c t i o n  f o r  a given change 
i s  t h e  sum o f  equat ions (91a) and 
/-/ 
5.0 - .. 
0 2  L=.258 
c 4.5 -,' I 
- a8 4.0 fi- 
/ A 2 1  
I I I I I 3.0 2 0 0 ~  3000 4000 5000 6000 7000 Ed00  (91b). For a l l  t r a n s i t i o n s  involv ing  
T, O K  a given change i n  v i b r a t i o n a l  quantum 
F i g u r e  3.- C o r r e c t i o n  f a c t o r  R ( A V , ~ A Z ~ )  f o r  number Av, t h e  weighted average va lue  
t o  be used f o r  B2 i n  c a l c u l a t i n g  t h e  
t o t a l  r a t e  c o e f f i c i e n t  i s  





R ( A ~ , A z ) ~ ~ ( A ~ , A z )  
I - 
I -  a 
a - A Z = O  , t 2 , + 4  -_  
a0 C B ~ ( A ~ , A z >  - -  n _-----_ 12/- 
- A z= 0 , + 2 ,  + 4 
n 
(94) 
8 -  
This r a t i o  i s  shown f o r  0 2  and N2 
i n  f i g u r e  5 f o r  
The t o t a l  t r a n s i t i o n  ra te  is  seen t o  
I I I I I I i n c r e a s e  by f a c t o r s  of  1 .5  t o  2 when 
6 -  
- 
4 L  
2 m  3000 4000 5000 6000 7000 coupled r o t a t i o n s  are taken i n t o  
L = 0.20 and 0.25 A. 
account.  Such an effect  could simply 
lAZl = 4 and L =  0 . 2  and L =  0.25. s e c t i o n  f a c t o r  i n  t h e  one-dimensional 
T,"K 








02 L = . 2 8  
c o l l i s i o n  model, o f  course ,  b u t  i n  the  
abso lu te  three-dimensional model a 
f a c t o r  o f  t h i s  s i z e  makes some d i f f e r -  
ence i n  t h e  f i t  o f  theory  t o  d a t a .  
I t  may be  h e l p f u l  t o  summarize 
he re  t h e  e s s e n t i a l  formulas f o r  t h e  
p a r t i c u l a r  ra te  c o e f f i c i e n t  ala, 
which i s  o f  primary i n t e r e s t .  - The 
p o t e n t i a l  parameters A and L ,  t h e  
reduced m a s s  m, and t h e  symmetry num- 
b e r  s are a l l  determined bv t h e  two 1.6 I I I I I I 
2000 m 
4000 ,"y 6ooo 7000 'Oo0 c o l l i s i o n  p a r t n e r s  involved;- t h e  c i r -  
I ,  I .  
c u l a r  €requency wo, t h e  equi l ibr ium 
in t e ra tomic  d i s t a n c e  p e ,  t h e  molecu- 
l a r  reduced mass p, and t h e  r o t a -  
t i o n a l  energy cons tan t  B are a l l  
c h a r a c t e r i s t i c  of  t h e  diatomic molecule which i s  v i b r a t i o n a l l y  de-exc i ted .  
In terms of  t hese  parameters and t h e  thermal energy kT, t h e  r a t e  c o e f f i c i e n t  
f o r  de -exc i t a t ion  from t h e  f irst  v i b r a t i o n a l  s t a t e  i s  
Figure 5.- Total rotational correction for 
the rate coefficient, R = (./ao). 
1/ 2 ' I 6  -3(n2Ec/kT) 1/3+(hwo/2kT) 
(9.51 
where t h e  c ros s  s e c t i o n  S i s  
1 -  
Zn (A3/n2k2T2Ec) 
and t h e  c h a r a c t e r i s t i c  energy E, i s  
mw2L2 E, = ~ 2 
The cons tan t  8 f 0  i s  given by 
(97 )  
where 
25 
with A = (2BlAZl/hwo) (kT/B) and g = A(n2EC/kT) ' I 3 .  
These r e s u l t s  w i l l  la ter  be used t o  make some comparisons - with experiment,  
and t o  deduce some values  of  t h e  p o t e n t i a l  parameters  A and L which b e s t  f i t  
v i b r a t i o n a l  re1 axa t  i on  da ta .  
CONSERVATION OF TOTAL ENERGY 
We now cons ider  t h e  e f f e c t s  produced when conservat ion of  energy i s  
extended t o  inc lude  both the  i n e l a s t i c  t r a n s f e r  o f  energy t h a t  occurs when 
v i b r a t i o n a l  t r a n s i t i o n  occurs ,  and the  e l a s t i c  b u t  nonadiaba t ic  t r a n s f e r  of 
energy t h a t  occurs because t h e  v i b r a t i o n a l  mode i s  t r a n s i e n t l y  exc i t ed  by 
c o l l i s i o n  ( r e f s .  21,  22) .  In  the  fol lowing d i scuss ion  an eZastic c o l l i s i o n  i s  
def ined  as one where no n e t  change of  k i n e t i c  energy i s  produced. The e l a s t i c  
c o l l i s i o n  may be adiabat ic ,  meaning t h a t  i n t e r n a l  modes o f  energy do n o t  pa r -  
t i c i p a t e  i n  the  c o l l i s i o n  process;  o r  t h e  e l a s t i c  c o l l i s i o n  may be nonadia- 
ba t i c ,  i n  which case t h e  i n t e r n a l  modes o f  energy p a r t i c i p a t e  t r a n s i e n t l y .  
The ineZast ic  c o l l i s i o n  is  one where permanent t r a n s i t i o n  occurs i n  one o r  
more modes of  i n t e r n a l  energy, with a corresponding n e t  change i n  k i n e t i c  
energy. A l l  i n e l a s t i c  c o l l i s i o n s  are a l s o  nonadiaba t ic ,  o f  course.  
The usua l  pe r tu rba t ion  used i n  semic la s s i ca l  and classical  a n a l y s i s  of  
t h e  v i b r a t i o n a l  e x c i t a t i o n  problem i s  e l a s t i c  and a d i a b a t i c  i n  form, bu t ,  as 
poin ted  out ea r l i e r ,  t h e  i n e l a s t i c  q u a l i t y  of t h e  c o l l i s i o n  i s  approximately 
accounted f o r  by l e t t i n g  t h e  e f f e c t i v e  c o l l i s i o n  v e l o c i t y  be t h e  average of  
i n i t i a l  and f i n a l  v e l o c i t i e s .  This simple s t ra tegem does n o t  f u l l y  account 
f o r  i n e l a s t i c  and nonadiaba t ic  e f f e c t s ,  however. The pe r tu rba t ion  is  a l s o  
asymmetrically d i s t o r t e d  by the  t r a n s i t i o n ,  and, i n  a d d i t i o n ,  t he  v i b r a t i o n a l  
modes o f  t he  diatomic molecule are t r a n s i e n t l y  e x c i t e d  during c o l l i s i o n ,  
whether o r  no t  t r a n s i t i o n  occurs ( r e f s .  21 ,  22) .  The co r rec t ions  requi red  
because of these  i n e l a s t i c  and nonadiaba t ic  c o l l i s i o n  e f f e c t s  w i l l  next  be 
assessed  . 
Effec t s  o f  Asymmetrical D i s to r t ions  t o  t h e  C o l l i s i o n  Tra j ec to ry  
When t h e  c o l l i s i o n  i s  not  a d i a b a t i c ,  t he  t r a j e c t o r y  i s  asymmetrically 
d i s t o r t e d  by permanent t r a n s f e r  of  energy from o r  t o  t h e  k i n e t i c  mode, and t h e  
c l a s s i c a l  conservat ion equat ion f o r  energy 
does not  hold.  In t h i s  ca se ,  U i s  a skewed func t ion  and such an asymmetric 
func t ion  may be represented  by 
26 
u = iJoe = E E e q t  sech2 a t  
where q i s  a cons t an t .  With t h i s  form f o r  t h e  p o t e n t i a l ,  t h e  r e l a t i v e  
v e l o c i t y  between c o l l i s i o n  p a r t n e r s  i s  
r - = 2a tanh  a t  - q L 
and the  cons tan ts  a and q may be made t o  f i t  t h e  l i m i t i n g  condi t ions  
?(-a) = - u i  and ?(a) = U f .  
ui + Uf 
4 L  a =  
u i  - Uf 
q = 2 L  
For  t h e  t r a n s i t i o n s  of  i n t e r e s t ,  one quantum of  en'ergy i s  involved s o  
t h a t  
m 2 cui2 - Uf2) = + h w  
and t h i s  equat ion can be combined wi th  t h e  two previous  equat ions t o  y i e l d  
The p r o b a b i l i t y  of a t r a n s i t i o n  i s  apprec iab le  only when t h e  c o l l i s i o n  energy, 
E ,  i s  l a rge  compared with h w ,  and so ,  only when q /a  < <  1. 
With t h e  i n t e r a c t i o n  p o t e n t i a l  of  equat ion (101) , t h e  t r a n s i t i o n  
p r o b a b i l i t y  i s  
P* v,v41 = B 2  v ,v+ 1 (gf 
where 
m 
i w t  F* = w J m  eqt sech2 a t  e d t  
1 
This t ransform i s  eva lua ted  i n  appendix B,  where i t  i s  found t h a t  
4 [F*12 = 4n2( t )  (1 + > ) e  -w/a  
27 
Therefore ,  
P* = (BKT--$- E mu2 2nw) ( 1 + -  ;q> e-no/a 
Except f o r  t h e  f a c t o r  [l + (q2/u2)] ,  t h i s  express ion  f o r  t h e  t r a n s i t i o n  
p r o b a b i l i t y  i s  t h e  same as t h e  ear l ie r  (eq. (47)) r e s u l t  which fol lows from an 
assumed a d i a b a t i c  t r a j e c t o r y .  This  f a c t o r  (q/w) r e p r e s e n t s  t h e  c o r r e c t i o n  
f o r  skewness i n  t h e  shape of  t h e  i n t e r a c t i o n  p o t e n t i a l ,  and i t s  s i z e  i s  e a s i l y  
es t imated  with t h e  a i d  o f  equat ions  (97) and (103). 
For c o l l i s i o n s  o f  i n t e r e s t ,  (hw/Ec) < 10-1 and (hw/E) << 1, and so 
! 
This s i z e  
e f f e c t  of  
accounted 
t o  be 
2 (i) % 10-3 
f o r  t h e  c o r r e c t i o n  f a c t o r  leads t o  t h e  conclusion t h a t  t h e  major 
d i s t o r t i o n s  t o  the  t r a j e c t o r y  induced by v i b r a t i o n a l  t r a n s i t i o n s  i s  
f o r  by de f in ing  ( r e f s .  19 ,  20) t h e  e f f e c t i v e  c o l l i s i o n  v e l o c i t y ,  u,  
u i  + Uf 
2 u =  
and t h a t  t h e  t r a n s i t i o n  p r o b a b i l i t y  i s  only s l i g h t l y  a f f e c t e d  by t h e  
asymmetrical p a r t  o f  t h e  d i s t o r t i o n .  
Effects of Adiabat ic  Symmetrical D i s t o r t i o n s  
In o rde r  t o  examine t h e  effect  o f  t r a j e c t o r y  d i s t o r t i o n  caused by 
temporar i ly  s t o r e d  v i b r a t i o n a l  energy, it i s  f irst  necessary  t o  develop an 
express ion  f o r  t h i s  q u a n t i t y ,  V, as a func t ion  of  t ime. This  i s  done i n  
appendix C with t h e  h e l p  of  simple r e l a t i o n s ,  found by Kerner ( r e f .  2 4 ) ,  f o r  
t he  energy exc i t ed  i n  a c l a s s i c a l  o s c i l l a t o r  and quantum t r a n s i t i o n  p robab i l -  
i t i e s  f o r  a harmonic o s c i l l a t o r .  For t r a n s i t i o n s  from the  ground s t a t e  (on 
which i n t e r e s t  i s  he re  centered  f o r  comparison with observed r e l a x a t i o n  d a t a ) ,  
t h e  t o t a l  number o f  v i b r a t i o n a l  quanta  exc i t ed  i n  a l l  states i s  given by 
exac t ly  t h e  same express ion  as by small pe r tu rba t ion  quantum theory ,  
28 
In t h i s  equat ion,  t h e  s u b s c r i p t s  0 ,  1 on P and B are omit ted f o r  convenience, 
and it i s  assumed t h a t  U i s  an exponent ia l  i n t e r a c t i o n  p o t e n t i a l .  Also i n  
appendix C ,  t he  c o e f f i c i e n t s  of t h e  expansion o f  
( t  = 0) are found by d i f f e r e n t i a t i n g  equat ion (109). 
V(t)  about t h e  tu rn ing  p o i n t  
1 .. 
2 0  V(t> = vo + vot + - v  t 2  i . . . 
B2UO2 vo = -h w  
.. . .. 
vo = vo = v, = 0 
i v  - 2 ~ ~ w  uoGo vo - - 
h 
(1 loa)  
(110b) 
(1 10c) 
Next, an i n t e r a c t i o n  p o t e n t i a l  
produces t h e  c o r r e c t  v i b r a t i o n a l  e x c i t a t i o n  and sat isf ies  t h e  conservat ion of  
t o t a l  energy 
U*(t) w i l l  be  found which s imultaneously 
E = T + U* + V 
Again the  assumption i s  made t h a t  t h e  p o t e n t i a l  i s  o f  simple exponent ia l  form 
bu t  
va lue .  Then 
r ( t )  i n  t h i s  equat ion i s  d i s t o r t e d  from i t s  usual  a d i a b a t i c  c o l l i s i o n  
u * = - '  - u* 
L 
which may be combined with 
Ib 
t o  g ive  
This  express ion  for t h e  k i n e t i c  energy i n  t h e  conservat ion equat ion y i e l d s  
29 
I 
V(t) = E - [ ~ ( k r  mL2 U* + U*- 
L 
This  equat ion i s  eva lua ted  a t  t h e  tu rn ing  p o i n t  and 
t i o n  (110a) t o  g ive  
combined with equa- 
'* 
But equat ion (112) shows 
solved f o r  Ug. 
Uo = 0 s i n c e  ko = 0 ,  and s o  equat ion (115) may be 
This same procedure may be used t o  f i n d  values  f o r  h ighe r  de r iva t ives  of  U* 
a t  t h e  tu rn ing  p o i n t  when equat ion (114) has  been d i f f e r e n t i a t e d  r epea ted ly .  
For  example, a f t e r  it i s  d i f f e r e n t i a t e d  twice,  
This equat ion i s  so lved  f o r  U: by using Vo = 0 from equat ion (110b). 
.* * U;2 u = - -  
0 mL 
S imi l a r ly ,  
. ..* u, = 0 
and h ighe r  d e r i v a t i v e s  can be found, i f  necessary.  
Return, now, t o  t h e  exponent ia l  dependence o f  U*(t) on r ( t )  i n  
equat ion (111). For an a d i a b a t i c  c o l l i s i o n  t r a j e c t o r y ,  
with a = u/ZL. 
c o l l i s i o n ,  t h a t  i s , one  where t h e  i n t e r n a l  modes o f  t h e  c o l l i d i n g  p a r t n e r s  
t ake  p a r t  i n  t h e  energy t r a n s f e r  
30 
This  makes p l a u s i b l e  the  func t iona l  form f o r  nonadiaba t ic  
exp { - [r(t'L - '1) = $ ( t ) s e c h 2  a t  
when r ( t )  i s  d i s t o r t e d  by t r a n s i e n t l y  s t o r e d  v i b r a t i o n a l  energy. Therefore  , 
it  i s  assumed t h a t  
* The func t ion  $ ( t )  i s  n e a r  un i ty  s ince  t h e  c o l l i s i o n  energy is  l a r g e  when 
1 This  l a s t  assumption i s  used with t h e  d e r i v a t i v e  o f  equat ion (121) t o  g ive  
compared with t h e  s t o r e d  v i b r a t i o n a l  energy, and it  i s  no t  unduly r e s t r i c t e d  
by t h e  assumption, p h y s i c a l l y  r e a l i s t i c ,  t h a t  + ( t )  -f cons tan t  as It1 + m. 
a = u/2L as be fo re .  
The t r a n s i t i o n  p r o b a b i l i t y ,  P* ,  i s  in f luenced  most s t rong ly  by t h e  
behavior  o f  U*(t) n e a r  t h e  tu rn ing  p o i n t ,  and t h e  expansion 
will be sought .  The f i r s t  c o e f f i c i e n t  i s  found t o  be 
by eva lua t ing  equat ion (121) a t  t h e  tu rn ing  p o i n t .  The f i r s t  d e r i v a t i v e  o f  
equat ion (121), a l s o  eva lua ted  a t  the  tu rn ing  p o i n t ,  reduces t o  
' *  * '  uo = u,@o 
and s i n c e  U*, = 0 ,  i t  fol lows t h a t  
$o = 0 (124) 
Fur ther  d i f f e r e n t i a t i o n  o f  equat ion (121) and use o f  equat ions  (118),  (1191, 
and (120) g ives  t h e  express ions  
... 






The expansion f o r  $ ( t )  can be w r i t t e n  





and w i l l  be te rmina ted  a f te r  t h e  term conta in ing  
t h e  fact  t h a t  only t h e  behavior  o f  
important .  
$ ( t ) s e c h 2  a t  must remain c lose  t o  
t4.  This  i s  j u s t i f i e d  by 
@ ( t )  i n s i d e  t h e  i n t e r v a l  [ a t  1 L 2 
sech’ a t ,  i t s  Four ie r  t ransform 
i s  
Outside t h i s  i n t e r v a l ,  sech2 a t  changes very  s lowly,  and s i n c e  
F* = ul; $ ( t )  sech2 ( a t )  eiwt d t  
r ece ives  n e a r l y  i t s  f u l l  magnitude from -2  L a t  2 .  Therefore ,  it i s  taken 
t h a t  
U*(t) = Ug s e c h 2 ( a t ) [ l  + c ( a t ) 2  + d ( a t ) 4 ]  (127) 
i s  t h e  i n t e r a c t i o n  p o t e n t i a l  which produces t h e  c o r r e c t  amount of  s t o r e d  
v i b r a t i o n a l  energy and, a t  t h e  same time, satisfies t o t a l  energy conservat ion.  
The eva lua t ion  of  i t s  Four i e r  t ransform,  F*, t o  ob ta in  the  t r a n s i t i o n  
p r o b a b i l i t y  proceeds by contour  i n t e g r a t i o n .  
In  order  t h a t  F* may be eva lua ted ,  t h e  i n t e g r a l s  
must be found. But t h e s e  i n t e g r a l s  can be t r e a t e d  i n  t h e  same manner, us ing  
t h e  same contour  and l i m i t i n g  process ,  as i s  used i n  appendix B f o r  a s l i g h t l y  
d i f f e r e n t  integrand. ,  
contour  i s  
The r e s idue  a t  t h e  i s o l a t e d  s i n g u l a r i t y  i n s i d e  t h e  
and f o r  w/a >> 1, 
32 
s o  t h a t  
and 
I f  P* i s  used t o  denote the  cor rec ted  t r a n s i t i o n  p r o b a b i l i t y ,  a f te r  t h e  
temporar i ly  s t o r e d  v i b r a t i o n a l  energy i s  accounted f o r ,  then  
and 
P* - - _  
lFI2 
However, when equat ion (130) i s  compared t o  equat ion (46) whose r i g h t  hand 
s i d e  i s  F/w, t h i s  r a t i o  i s  seen t o  be 
and t h e r e f o r e  
4 16 
where P i s  t h e  t r a n s i t i o n  p r o b a b i l i t y  of  equat ion  (47), and where 
The effect  of  t h e  c o r r e c t i o n  f a c t o r  i s  t o  make, roughly,  
33 
p* x - 2 P  
5 (133) 
Consequently, t h e  c o l l i s i o n  c ross  s e c t i o n ,  S* (eq. (4)), and t h e  ra te  
c o e f f i c i e n t ,  a* (eq. I S ) ) ,  are diminished by t h i s  same f a c t o r .  But, t h e  
decreased r a t e  c o e f f i c i e n t  impl ies  ( c f .  eq.  ( 6 ) )  a r e l a x a t i o n  time, T*, which 
i s  about 5/2 t imes T ,  t h e  r e l a x a t i o n  t i m e  p r e d i c t e d  by t h e  theory  which does 
no t  i nco rpora t e  the  e f f e c t  of t he  temporar i ly  s t o r e d  v i b r a t i o n a l  energy. 
COMPARISON WITH EXPERIMENT 
There i s  no lack  o f  d a t a  on rates o f  v i b r a t i o n a l  r e l a x a t i o n  as a func t ion  
o f  temperature  ( r e f .  7 ) .  The experimental ly  determined q u a n t i t y  i s  t h e  r e l ax -  
a t i o n  t ime T ,  and according t o  equat ion (6) t he  product  of r and t h e  
p re s su re  p i s  
In  t h i s  equat ion a L 0  i s  t h e  ra te  c o e f f i c i e n t  f o r  t r a n s i t i o n s  from t h e  first 
e x c i t e d  s t a t e  t o  t h e  ground s t a t e ,  given by equat ion (95) .  This connection 
between t h e  a n a l y t i c a l l y  der ived  ct and t h e  experimental ly  obta ined  T pro- 
vides  a means f o r  t e s t i n g  the  ana lys i s .  A t  t h e  same t i m e ,  it y i e l d s  a method - 
f o r  determining e f f e c t i v e  values  f o r  t h e  molecuiar p o t e n t i a l  parameters ,  A 
and L .  
The procedure begins  with s e l e c t i n g  - a molecular spec ie s  and c o l l i s i o n  
p a r t n e r  and assuming t r i a l  values  f o r  A and L t o  desc r ibe  - t h e  in te rmolecular  
p o t e n t i a l .  Thereupon, t h e  r a t e  c o e f f i c i e n t  a 1 0 ( T ,  A ,  L) from equat ion (95) 
determines,  through equat ion ( l o o ) ,  a r e l a x a t i o n  time T which can be com- 
puted  f o r  chosen values  of  temperature and u n i t  p re s su re .  These computed 
values  w i l l  be (near ly)  c o l l i n e a r  on a Landau-Teller p l o t ,  and t h e  s l o p e  - and 
o rd ina te  o f  t h i s  l i n e  can be ad jus t ed  - by changing t h e  t r i a l  values  f o r  A and 
L .  A combination o f  values  f o r  A and L can be determined by eye which pro- 
duces t h e  b e s t  agreement between the  t h e o r e t i c a l  l i n e  and experimental  d a t a .  
This combination i s  taken t o  be an acceptab le  approximation t o  t h e  e f f e c t i v e  
values  o f  t h e s e  parameters .  
shown i n  f i g u r e  6 f o r  02-Ar c o l l i s i o n s  and i n  f i g u r e  7 f o r  N2-N2 c o l l i s i o n s .  
An example of  t h e  r e s u l t  o f  t h i s  procedure i s  
I t  w i l l  b e  no t i ced  i n  f i g u r e  7 t h a t  t h e  s l o p e  o f  t h e  p~ l i n e  i s  not  
q u i t e  c o r r e c t  f o r  p e r f e c t  agreement between theory  and experiment.  - 
observa t ion  leads t o  t h e  susp ic ion  t h a t  f u r t h e r  adjustment of  A and L w i l l  
y i e l d  even b e t t e r  agreement than  i s  shown, b u t  t h i s  i s  n o t  t h e  case .  Fur ther  
adjustment t o  improve t h e  s lope  moves t h e  l i n e  v e r t i c a l l y  and degrades t h e  
o v e r a l l  agreement. Also shown i n  f i g u r e  7 i s  t h e  r e l a x a t i o n  time p red ic t ed  
f o r  t h e  d e l t a  func t ion  p o t e n t i a l  ca l cu la t ed  by Meador ( r e f .  30). This  
p red ic t ed  r e l a x a t i o n  t i m e  i s  t h e  o rde r  o f  100 times l a r g e r  than  observed, and 
some remarks w i l l  be made l a t e r  about t h i s  d i f f e r e n c e .  
This  
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Figure 6.- Landau-Teller plot of vibrational 
relaxation f o r  0 2 - A r  collisions. 












Extrapolated from a=350eV 








Figure 7.- Landau-Teller plot of relaxation time 
f o r  N 2 - N 2  collisions. 
The above procedure has  been appl ied  t o  a v a r i e t y  of diatomic spec ie s  
undergoing c o l l i s i o n s  wi th  an atomic o r  diatomic c o l l i s i o n  p a r t n e r .  
r e s u l t s  are given i n  t a b l e  1 where two sets of  in te rmolecular  p o t e n t i a l  param- 
eters a r e  shown. The p a i r  A , L  were deduced us ing  t h e  semic la s s i ca l  method 
without  co r rec t ion  f o r  conservat ion o f  t o t a l  energy, and when t h i s  c o r r e c t i o n  
was made, t h e i r  counterpar t s  A*,L* were obtained.  Comparison of t hese  p a i r s  




produces only s l i g h t l y  dev ia t ing  forms f o r  t h e  exponent ia l  in te rmolecular  
p o t e n t i a l .  Close numerical  agreement of t h e  two sets o f  cons tan ts  makes it 
d i f f i c u l t  t o  a s c e r t a i n  which p a i r  furn ishes  b e t t e r  agreement between exper i -  
ment and theory.  Hence, t h e  p a i r  A , L  produced by t h e  more simple,  
uncorrected semiclassical theory  w i l l  be used i n  t h e  remainder of t h i s  paper .  
Care must be taken i n  us ing  these  values  f o r  t h e  cons tan ts  a t  ex t r apo la t ed  
temperatures .  
- 
Nei ther  t h e  experimental  d a t a  n o r  assumptions made i n  t h e  
35 
a n a l y s i s  can be meaningfully extended t o  temperatures  s u f f i c i e n t l y  high f o r  
d i s s o c i a t i o n  t o  become a competing process  with v i b r a t i o n a l  e x c i t a t i o n .  
- 
The accuracy o f  t h e  va lues  given f o r  A and L cannot be assessed  
A p o s s i b l e  approach t o  cons t ruc t ing  t a b l e  1 is  t o  f i n d  com- q u a n t i t a t i v e l y .  
b i n a t i o n s  of and L t h a t  make t h e  PT l i n e  f i t  t h e  experimental  d a t a  b e s t  
i n  t h e  l e a s t  squares  sense .  
approach has proven t o  be without  a d i s t i n c t  s o l u t i o n .  
combinations of and L t h a t  appear t o  be  equa l ly  v a l i d  from a numerical 
least  squares  s t andpo in t .  Other numerical a t tempts  have a l s o  proved 
d isappoin t ing ,  and it was necessary  t h a t  t h e  p~ l i n e  be f i t  t o  - t h e  d a t a  
s u b j e c t i v e l y .  However, experience i n  choosing t r i a l  va lues  f o r  A and L 
gives  assurance t h a t  t h e  - "best"  va lue  f o r  
10-25 percent  and f o r  A with in  a f a c t o r  o f  2 o r  3 .  In  genera l ,  t h e  more 
s t r i n g e n t  confidence l i m i t s  apply f o r  h e a v i e r  c o l l i s i o n  p a r t n e r s .  
However, t h e  numerical  problem posed by t h i s  
There i s  a spectrum o f  
L can be  determined wi th in  
- 
Attempts t o  eva lua te  A and L f o r  t h e  halogen gases  were without  reward 
f o r  B r 2  - B r 2  and I 2  - I2  c o l l i s i o n s ,  and t h e r e  i s  near-indeterminacy f o r  
CZ2 - C Z 2 .  The experimental  d a t a  (ref.  31) f o r  t h e s e  gases are obtained by a 
measurement o f  sound absorp t ion  a t  temperatures  very low r e l a t i v e  t o  t h e  o t h e r  
da t a .  A Landau-Teller p l o t  o f  t h e  halogen d a t a  i s ,  anomalously, a nea r ly  h o r i -  
zonta l  l i n e .  Except f o r  ch lo r ine ,  no combination o f  x and L p r e d i c t s  a 
s l o p e  small enough t o  g ive  meaningful agreement, and even f o r  CZ, t h e  values  
o f  L r equ i r ed  t o  f i t  t h e  d a t a  seem t o  be abnormally small ( the  o r d e r  o f  
0 .05  A ) .  
A d i r e c t  numerical  comparison o f  experimental  and c a l c u l a t e d  pT-values 
i s  made i n  t a b l e  2 .  The computed values  were obta ined  us ing  t h e  combination 
of and L found i n  t a b l e  1. I t  i s  t o  be noted t h a t  t h e  comparison is  made 
a t  temperatures which l i e  a t  o r  n e a r  t h e  ends of  t h e  temperature  range where 
A arid L a r e  f i t  t o  t h e  experimental  da t a .  These are t h e  temperatures where 
PTe xp t 1 c a l c  
quent ly ,  t a b l e  2 gives  bounds f o r  t h e  discrepancy between theory  and exper i -  
ment. Also,  s i n c e  p~ v a r i e s  l i n e a r l y  with T-1'3 on a Landau-Teller p l o t ,  
t a b l e  2 can be used t o  cons t ruc t  a counterpar t  t o  f i g u r e s  6 and 7 f o r  any of 
t h e  spec ie s  l i s t e d .  
- 
and PT d i f f e r  most (see f i g s .  6 and 7) i n  t h a t  range.  Conse- 
S t r i c t l y  speaking,  t h e  CO d a t a  should be eva lua ted  with a more genera l  
theory  f o r  he t e ronuc lea r  molecules,  s i n c e  t h e  e f f e c t i v e  p o t e n t i a l s  f o r  C and 
0 atom i n t e r a c t i o n s  can be d i f f e r e n t .  Correc t ions  f o r  t h e  asymmetrical ten- 
t e r  o f  mass should be  small i n  t h i s  case ,  however, and the  homonuclear mole- 
c u l e  theory  may be expected t o  g ive  an approximate average i n t e r a c t i o n  
p o t e n t i a l ,  corresponding t o  t h e  random o r i e n t a t i o n  of  t h e  molecular a x i s  t h a t  
occurs i n  t h e  experiment.  Dipole i n t e r a c t i o n s  affect  t h e  long range f o r c e s ,  
bu t  probably do no t  c o n t r i b u t e  l a r g e l y  t o  the. s t e e p  p a r t  o f  t h e  p o t e n t i a l  
respons i b  l e  f o r  v i b r a t i o n a l  t r a n s i t  ions . 
F i t t i n g  v i b r a t i o n a l  r e l a x a t i o n  da ta  i s  widely conceded t o  be a r a t h e r  
i naccura t e  way t o  determine in te rmolecular  p o t e n t i a l s .  Nevertheless ,  such 
p o t e n t i a l s  a r e  s o  u rgen t ly  needed f o r  a n a l y s i s  o f  a wide v a r i e t y  o f  atomic and 
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molecular problems, and s o  l i t t l e  information about t h e s e  p o t e n t i a l s  e x i s t s ,  
t h a t  t h e r e  i s  always a s t r o n g  temptat ion t o  eva lua te  t h e  p o t e n t i a l s  as done i n  
t a b l e  1, just  t o  see what r e l a t i o n s  appear.  
F i r s t  o f  a l l ,  t h e  r e s u l t s  are gene ra l ly  c o n s i s t e n t  wi th  similar at tempts  
x, s i n c e  it can f i t  made with one-dimensional v i b r a t i o n a l  e x c i t a t i o n  t h e o r i e s .  Any one- dimensional theory  can only be used t o  determine 
only t h e  s lope  and no t  t h e  abso lu te  magnitude o f  t h e  d a t a  on a Landau-Teller 
p l o t .  Schwartz, Slawsky, and Herzfe ld  ( ref .  11) obta ined  reasonable  agreement 
with d a t a  (wi th in  a f a c t o r  o f  20 o r  so)  when they  chose L t o  f i t  t h e  
r epu l s ive  p a r t  o f  a Lennard-Jones p o t e n t i a l ,  U = E [ (ro/r) l 2  - (ro/r) 6 ] .  
found t h a t  L = r0/17.5,  and f o r  values  of  ro determined from r e l a t i v e l y  low- 
temperature v i s c o s i t y  d a t a  (ref.  32) t h i s  gives  
Benson and Berend ( ref .  33) chose t o  f i t  t h e  r epu l s ive  p a r t  o f  a Morse poten- 
t i a l ,  U = Uo[ ( 1  - e-ar)2 - 13, and they  p resen ted  va lues  of  a t h a t  b e s t  f i t  
measured v i b r a t i o n a l  t r a n s i t i o n  rates.  In  t h i s  ca se ,  L = 1/2a, o r  L = 0.25 a 
f o r  0 2 ,  N 2 ,  and CO. Rapp and Sharp ( r e f s .  21,22) and Treanor ( r e f s .  25,26) 
both used L = 0 . 2  A f o r  t h e i r  c a l c u l a t i o n s  of  N 2 - N 2  v i b r a t i o n a l  e x c i t a t i o n .  
These values  are about t h e  same as given i n  t a b l e  1 and a r e  wi th in  t h e  
unce r t a in ty  inhe ren t  i n  f i t t i n g  t h e  da t a .  
L ,  no t  
They 
L = 0.2 a f o r  0 2 ,  N 2 ,  and CO. 
However, i t  seems t o  have gene ra l ly  been overlooked t h a t  a l l  of  t h e s e  
r e s u l t s  from v i b r a t i o n a l  r e l a x a t i o n  theory  a r e  d i f f e r e n t  from es t imates  of  
N 2 - N 2  and 02-02 p o t e n t i a l s  t h a t  have been deduced by o t h e r  methods. 
Vandersl ice  ( r e f s .  34, 35) developed a d e l t a  func t ion  model f o r  c a l c u l a t i n g  
s h o r t  range in t e rmolecu la r  fo rces ,  and Meador ( r e f .  30) r e f i n e d  t h i s  method 
and appl ied  it t o  N 2 - N 2  c o l l i s i o n s ,  showing t h a t  it agrees  we l l  wi th  t h e  
p o t e n t i a l  f o r  such c o l l i s i o n s  given by Amdur, Mason, and Jordan ( r e f .  36), who 
deduced t h i s  p o t e n t i a l  somewhat i n d i r e c t l y  from Ar-N2  and He-N2 s c a t t e r i n g  
measurements. Meador ( r e f .  30) then  appl ied  t h i s  same d e l t a  func t ion  model t o  
02-02 c o l l i s i o n s ;  i n  t h i s  case experimental  v e r i f i c a t i o n  i s  lacking.  Meador's 
values  o f  and L are l i s t e d  i n  t a b l e  1, and it  can be  seen t h a t  - L i s  con- 
s i d e r a b l y  l a r g e r  than  deduced from v i b r a t i o n a l  r e l a x a t i o n  while  A i s  smaller. 
A t  t h e  c o l l i s i o n  energ ies  o f  i n t e r e s t  (0.1 - 1 . 0  eV), t h e  d e l t a  func t ion  poten- 
t i a l  i s  l e s s  s t e e p  and of longer  range. 
more a d i a b a t i c  c o l l i s i o n ,  sma l l e r  e x c i t a t i o n  p r o b a b i l i t y ,  and l a r g e r  re laxa-  
t i o n  time (as  shown i n  f i g .  7 ) .  The expansions involved become doubt fu l  f o r  
t h e s e  l a rge  va lues  o f  L ,  s o  t h e  exac t  numerical r e s u l t s  f o r  Meador's poten- 
t i a l  should no t  be taken too  s e r i o u s l y ,  bu t  t h e  q u a l i t a t i v e  e f f e c t s  should be 
v a l i d ,  a t  l e a s t .  
Mason and 
The shal lower p o t e n t i a l  r e s u l t s  i n  a 
The disagreement between t h e  p o t e n t i a l s  i s  n o t  s u r p r i s i n g ,  when one 
considers  t h a t  a m u l t i p l i c i t y  of  i n t e r a c t i o n  p o t e n t i a l s  e x i s t  f o r  molecular 
c o l l i s i o n s ,  j u s t  as f o r  atomic c o l l i s i o n s ,  depending upon how t h e  o r b i t a l  and 
s p i n  momentum vec to r s  add up. S c a t t e r i n g  i s  p r imar i ly  produced by t h e  long- 
range o u t e r  p o t e n t i a l s  t h a t  correspond t o  t h e  l a r g e s t  t o t a l  s p i n  and degener- 
acy, such as c a l c u l a t e d  by Meador ( r e f .  30).  On t h e  o t h e r  hand, v i b r a t i o n a l  
t r a n s i t i o n s  a r e  undoubtedly due t o  i n t e r a c t i o n s  t h a t  proceed along s h o r t e r  
range,  s t e e p e r  p o t e n t i a l s  t h a t  occur  when some o f  t h e  s p i n s  a r e  pa i r ed ,  and 
v i b r a t i o n a l  r e l a x a t i o n  r a t e s  are presumably t e l l i n g  us something about t h e  
shape of  t h e s e  i n n e r  p o t e n t i a l s .  However, a number o f  f a c t o r s  prevent  us from 
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deducing p r e c i s e  q u a n t i t a t i v e  values  f o r  t hese  i n n e r  p o t e n t i a l s  from 
v i b r a t i o n a l  r e l a x a t i o n  d a t a .  Perhaps t h e  most s e r i o u s  i s  t h a t  t he  semiclassi- 
cal  method uses  t h e  s p h e r i c a l  average of t h e  t r u e  p o t e n t i a l  and does no t  
account f o r  energy a d i a b a t i c a l l y  t r a n s f e r r e d  t o  and from t h e  v i b r a t i o n a l  mode 
dur ing  t h e  course of  t h e  c o l l i s i o n .  This  e f f e c t  i s  dramat ica l ly  shown i n  t h e  
numerical c a l c u l a t i o n s  o f  Sharp and Rapp ( r e f .  2 2 ) .  The pe r tu rba t ion  i s  n o t  
r e a l l y  the  simple a d i a b a t i c  s c a t t e r i n g  impulse assumed i n  equat ion ( 3 5 ) ,  even 
though t h i s  shape has been t r a d i t i o n a l l y  used i n  a l l  s emic la s s i ca l  a n a l y s i s  o f  
t he  problem, but  i s  d i s t o r t e d  by the  temporary t r a n s f e r  o f  energy i n t o  high-  
o rde r  v i b r a t i o n a l  modes, and is  a l s o  s l i g h t l y  skewed by t h a t  small  po r t ion  of  
t h e  energy t r a n s f e r r e d  i r r e v e r s i b l y .  Even where changes i n  impulse shape are 
r e l a t i v e l y  small, t h e  e f f e c t s  on t h e  Four ie r  t ransform can be s i z a b l e .  Thus, 
t h e  p o t e n t i a l  deduced from v i b r a t i o n a l  r e l a x a t i o n  measurements should be 
thought o f  as an "effect ive! '  p o t e n t i a l  which incorpora tes  t h e  e f f e c t  o f  energy 
s t o r e d  i n  t h e  v i b r a t i o n a l  mode, and i t  should not  be i n t e r p r e t e d  as a pure 
i n t e r a c t i o n  p o t e n t i a l .  
Several  o t h e r  approximations involved i n  t h e  theory  may be sources  o f  
e r r o r  a l s o ,  p a r t i c u l a r l y  a t  h ighe r  temperatures .  One of  t hese  is due t o  t h e  
f a c t  t h a t  small pe r tu rba t ion  p r o b a b i l i t i e s  become t h e  o r d e r  o f  0 . 1  a t  t h e  
v e l o c i t i e s  um f o r  t h e  h ighes t  temperature  d a t a ,  and a t  t h i s  po in t  become 
s i z a b l y  g r e a t e r  than t h e  a c t u a l  t r a n s i t i o n  p r o b a b i l i t i e s  ( r e f s .  24 ,  26) .  How- 
eve r ,  t h i s  e r r o r  i s  compensated because mul t ip l e  s t e p  t r a n s i t i o n s  occur  a t  
t hese  temperatures ,  and t h e  t o t a l  energy t r a n s f e r r e d  i s  t h e  same i n  e i t h e r  
case .  A second e r r o r  which decreases  t h e  r e l a x a t i o n  ra te  a t  high temperature  
occurs because t h e  upper l i m i t  o f  t h e  i n t e g r a l  f o r  t h e  c ross  s e c t i o n  i s  then  
f i n i t e ,  l ead ing  t o  t h e  r e s u l t  o f  equat ion ( 6 0 ) ,  r a t h e r  than  t h e  approximation 
o f  equat ion (61) which i s  v a l i d  f o r  very small t r a n s i t i o n  p r o b a b i l i t i e s .  A 
t h i r d  e r r o r  occurs at  h igh  c o l l i s i o n  energ ies  because t h e  expression f o r  t h e  
pe r tu rba t ion  p o t e n t i a l  (eq. (19)) should inc lude  h i g h e r  o rde r  terms i n  t h e  
expansion o f  t h e  d i s t ances  rl and '2. F i n a l l y ,  t h e  r e a l  i n t e r a c t i o n  poten- 
t i a l s  a r e  not  s imple exponen t i a l s .  Thus, d i f f e r e n t  e f f e c t i v e  values  o f  L 
and could be used f o r  d i f f e r e n t  ranges of  temperature  and ad jus ted  t o  f i t  
d a t a  exac t ly .  
In  s p i t e  of  t h e  unce r t a in  i n t e r p r e t a t i o n  of  t h e  p o t e n t i a l s  used,  t h e  
simple theory can be f i t  o observed v i b r a t i o n a l  r e l a x a t i o n  d a t a  reasonably 
w e l l .  The b e s t  f i t  i s  ex  1 e l l e n t  when t h e  c o l l i d i n g  p a r t n e r  i s  an i n e r t  atom 
such as A r  o r  He, which i s  t h e  type  o f  c o l l i s i o n  t h a t  t h e  theory i s  designed 
t o  desc r ibe .  The c o r r e l a t i o n s  a r e  only a l i t t l e  worse f o r  c o l l i s i o n s  such as 
02-02 and N z - N z .  The p r i n c i p a l  po in t  t o  be emphasized i s  t h a t  t h e  " e f f e c t i v e  
p o t e n t i a l s "  deduced from t h e s e  c o r r e l a t i o n s  are not  n e c e s s a r i l y  r e a l i s t i c  f o r  
o t h e r  purposes . 
DISCUSSION OF RESULTS 
Perhaps the  most s a t i s f y i n g  r e s u l t  from t h i s  s tudy  of  v i b r a t i o n a l  
e x c i t a t i o n  i s  t h a t  t he  problem has been t r e a t e d  a n a l y t i c a l l y  i n  t h r e e  dimen- 
s i o n s ,  and t h e  c ros s  s e c t i o n s  and t h e  ra te  c o e f f i c i e n t s  are expressed as 
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r e l a t i v e l y  s imple func t ions  of  temperature and t h e  i n t e r a c t i o n  p o t e n t i a l  
parameters only.  
behavior  as one-dimensional models. This  behavior  confirms t h e  q u a l i t a t i v e  
r e s u l t s  i n  r e fe rence  16 and f u r t h e r  j u s t i f i e s  t h e  widespread use of t h e  
one-dimensional model f o r  analyzing v i b r a t i o n a l  r e l a x a t i o n  d a t a .  
To f i rs t  o rde r ,  t h e  r e s u l t s  show t h e  same func t iona l  
The re la t ive  s i m p l i c i t y  of  t h e  semiclassical model compared wi th  t h e  
method o f  p a r t i a l  waves (which gives  s lowly converging r e s u l t s  i n  th ree -  
dimensional quantum t rea tments )  has  made i t  p o s s i b l e  t o  r e t a i n  f u l l y  a n a l y t i c  
expressions a l l  t h e  way t o  t h e  f i n a l  ra te  c o e f f i c i e n t s .  The r e s u l t s  c l e a r l y  
show how v i b r a t i o n a l  t r a n s i t i o n s  (predominantly Av = k l )  are accompanied by 
simultaneous r o t a t i o n a l  t r a n s i t i o n s  (predominantly AZ = 0 ,  C Z ) ,  an aspec t  of  
t h e  process  t h a t  has  o f t e n  been ignored.  
t i o n a l  t r a n s i t i o n s  inc reases  t h e  t o t a l  v i b r a t i o n a l  t r a n s i t i o n  ra te  from 50 t o  
100 percent  a t  t y p i c a l  cond i t ions .  
dimensional theory  because it could simply be absorbed i n  t h e  empir ica l  s t e r i c  
f a c t o r  involved i n  t h a t  theory .  Herzfeld and L i t o v i t z  ( r e f .  37) and  o the r s  
have poin ted  out t h a t  such coupled r o t a t i o n s  must occur  i n  three-dimensional 
c o l l i s i o n s ,  however. 
a t e  e f f e c t i v e  va lues  f o r  both the  s c a l e  f a c t o r  A and t h e  range f a c t o r  L o f  
t he  in te rmolecular  p o t e n t i a l  by f i t t i n g  v i b r a t i o n a l  r e l a x a t i o n  da ta ,  whereas 
one-dimensional models permit  only t h e  f a c t o r  L t o  be determined. Both 
models give about t h e  same values  f o r  The va lue  of 
given by the  three-dimensional  model i s  reasonable ,  t h e  o rde r  of s eve ra l  hun- 
dred eV f o r  t y p i c a l  i n t e r a c t i o n s .  These p o t e n t i a l s  are much s t e e p e r  and of 
s h o r t e r  range than  known s c a t t e r i n g  p o t e n t i a l s ,  and we suggest  t h a t  t h i s  
occurs p r imar i ly  because v i b r a t i o n a l  t r a n s i t i o n s  a r e  produced most f r equen t ly  
when t h e  i n t e r a c t i o n  proceeds along one of  t h e  s h o r t e r  range, s t e e p e r  poten- 
t i a l s  t h a t  ob ta in  when some o f  t he  e l e c t r o n  s p i n s  involved are pa i r ed .  How- 
eve r ,  t he  "effect ive! '  p o t e n t i a l  f o r  v i b r a t i o n a l  r e l a x a t i o n  should probably no t  
be i n t e r p r e t e d  as a pure  i n t e r a c t i o n  p o t e n t i a l  i n  any case, s ince  it a l s o  
inc ludes  t h e  effects o f  p o t e n t i a l  s to red  i n  high v i b r a t i o n a l  modes during 
c o l l i s i o n .  
The e f f e c t  o f  t hese  coupled roxa- 
This e f fec t  went unnot iced i n  one- 
Also,  t h e  three-dimensional - model permits  one t o  evalu- 
L ,  t h e  o rde r  of  0 . 2  a. 
Although t h e  i n t e r p r e t a t i o n  of  t h e  p o t e n t i a l s  der ived  may be ques t ionable ,  
t h e  semic la s s i ca l  theory  of  v i b r a t i o n a l  e x c i t a t i o n  can be f i t  reasonably wel l  
t o  most r e l a x a t i o n - r a t e  d a t a  i f  t h e  appropr ia te  e f f e c t i v e  p o t e n t i a l  i s  chosen. 
The theory appears t o  conta in  enough realism t o  be s u i t a b l e  f o r  i n v e s t i g a t i n g  
some o t h e r  f a c e t s  of t h e  v i b r a t i o n a l  e x c i t a t i o n  problem; f o r  example, t he  
e f f e c t s  of anharmoni c i  t y  , v i b r a t  i on -v ib ra t  ion  exchange, he te ronuclear  
molecules,  and perhaps t r i a t o m i c  molecules.  
The square of  t h e  t r a n s i t i o n  matr ix  elements decreases  i n  s i z e  f a i r l y  
r a p i d l y  as 
i f  
between s ta tes  involved i n  t h e  t r a n s i t i o n  i s  then  decreased.  The combined 
e f f e c t  of t hese  two f a c t o r s  i s  t h a t  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  \ A 2 1  = 0 , 2  
a r e  about equal ,  while  those  f o r  lAZ[ = 4 are about an order  of magnitude 
smal le r .  Higher o rde r  p e r t u r b a t i o n  terms can inc rease  t h e  la te r  t r a n s i t i o n s  
somewhat and c o n t r i b u t e  some h ighe r  order ,  even number changes AZ as w e l l ,  
I A 2  I i n c r e a s e s ,  bu t  t h e  t r a n s i t i o n  p r o b a b i l i t y  increases  r ap id ly  
Av and A2 have opposed a l g e b r a i c  s i g n  because t h e  energy d i f f e rence  
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. . . . . 
b u t  it appears t h a t  A Z  = 0 ,  ?2 w i l l  remain t h e  dominant r o t a t i o n a l  
t r a n s i t i o n s  which are coupled t o  t h e  v i b r a t i o n a l  t r a n s i t i o n s  Av = +1. 
Ames Research Center  
Nat ional  Aeronautics and Space Administration 
Moffett  F i e l d ,  C a l i f . ,  94035, Apr i l  8,  1970 
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APPENDIX A 
EVALUATION OF THE CONSTANTS B2(Av, AZ) 
In t h i s  appendix, t h e  over lap  i n t e g r a l  
[ 62  ( q ) ( s i n 2 e  cos2 + B(v,Z,m;v' , Z 1  ,ml) = ' * (v l ,Z1 ,ml)  s i n h  6 
w i l l  be eva lua ted .  The square,  B2 (v,  Z,m;v' , 2 '  ,ml) E B 2  (v,  Z,m;v+Av, Z+Az,m+Am) 
w i l l  then be averaged over  a l l  p o s s i b l e  values  o f  m 
t h a t  Z >> 1, it w i l l  b e  found t h a t  t h i s  average i s  independent o f  2. Thus, 
f o r  v i b r a t i o n a l  t r a n s i t i o n s  from a f i x e d  v i b r a t i o n a l  l e v e l  , t he  averaged 
squares  a r e  func t ions  of  Av, A Z ,  and Am only ;  B2(Av, A Z ,  Am). Since these  
squares  are p ropor t iona l  t o  t h e  t r a n s i t i o n  p r o b a b i l i t y ,  they  may be combined 
i n  t h e  manner p r o b a b i l i t i e s  a r e  combined. 
and, with t h e  assumption 
Am 
EVALUATION OF THE OVERLAP INTEGRAL 
(PYBY4)) and qvl J '  , m l )  (PY8Y+) ' cv, ZYm) The unperturbed wave func t ions  
t h a t  appear i n  equat ion (Al) a r e ,  r e s p e c t i v e l y ,  t h e  wave func t ions  o f  t h e  
r o t a t i n g  and v i b r a t i n g  diatomic molecule before  and a f t e r  t h e  c o l l i s i o n .  
a r i g i d - r o t a t o r y  harmonic o s c i l l a t o r  t hese  wave func t ions  can be w r i t t e n :  
For 
In  t h i s  equat ion ,  Hv[6 (p -pe ) ]  i s  the  
Y ( e , $ )  a r e  s p h e r i c a l  harmonics expressed i n  terms o f  
c i a t e d  Legendre func t ions  o f  t he  f irst  kind. 
v th  Hermite polynomial and t h e  
(cos e ) ,  t h e  asso- p i m i  2 Zm 
The normalizing cons tan ts  a r e  expressed 
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2 2 + 1  ( 2  - imi)! 
+ imi)! 
1 / 2  =(E &) 
where 
I t  i s  seen t h a t  equat ion  (Al) can be  w r i t t e n  
6 2  + - s i n 5  e cos4 6 (A4 1 
with 
I1 = - Im CvCv~Hv,(x)Hv(x)xe-X dx (x = &(p - 0,)) 2La 0 
The orthonormal p r o p e r t i e s  and recurrence r e l a t i o n  f o r  t h e  Hermite polynomials 
which w i l l  b e  used t o  eva lua te  I1 can be found i n  mathematical t e x t s  ( e . g . ,  
r e f .  38, p. 308). These p r o p e r t i e s  a r e  
- X 2  When t h i s  l a s t  equat ion is m u l t i p l i e d  by e 
(0 ,  a), t h e r e  i s  obta ined  
HvI(x)  and then i n t e g r a t e d  over  
2 m m I, Hv+l (x)H,t(x)e-X2 dx + v l  Hv- (x)Hvt (x)eX dx Hvt(x)Hv(x)e x dx = - 2 - X 2  1 
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When equat ion (AS) i s  used with equat ion (A7), it i s  seen t h a t  t h e  r ight-hand 
s i d e  o f  (A7) i s  zero un le s s  v '  = v k 1. Therefore ,  
when v '=v- l  (A8b) 2L 
The i n t e g r a l  o f  equat ion (Al) may now be w r i t t e n  
6 2  Jv i- l,o 
@(v,Z,m;v' ,Z' ,m')  = s i n h  6 2 ~ &  ( I2  + 1 3 )  
where (v + 1,O) i s  equal  t o  v + 1 o r  v accordingly as v '  = v + 1 o r  v - 1, 
and where 
and 
1 i (m-m' ) $I cos4 $I dlb] [czI I m ' I C i m ' l T P L : '  ' (COS e)s in5e  P"' (cos e )de  I 3  = [k J'"e z 
The method f o r  eva lua t ing  each o f  t h e s e  i n t e g r a l s  w i l l  be demonstrated 
sepa ra t e ly .  
w r i t t e n  as m. 
In  o r d e r  t o  f a c i l i t a t e  no ta t ion  i n  what fol lows,  j m l  w i l l  b e  
The f i r s t  i n t e g r a l  i n  equat ion (A10) can be w r i t t e n  
i(m-m')' cos2 $I d$I = cos(m-m')+ cos2 $I d$I + i sin(m-m')$I cos2 $J d g  
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The second i n t e g r a l  on t h e  r ight-hand s i d e  has symmetric l i m i t s  and an 
in t eg rand  which i s  an odd func t ion .  I ts  va lue  i s  t h e r e f o r e  zero.  To eva lua te  
t h e  f irst  i n t e g r a l  wri te  cos2 $I = (1 + cos 24) /2.  Then 
i (m-ml) 4 COS'+ d + = -  1 cos (m-m1 ) 4 d$ + - 4n cos 24 cos(m-m')+ d@ LJ'~ 2T e 4Tr 
The f irst  i n t e g r a l  on t h e  r ight-hand s i d e  i s  equal t o  zero unless  
which case i t s  value i s  2 ~ .  The second i n t e g r a l  i s  zero unless  m 1  = m + 2 ,  
when i t s  va lue  is IT. Hence, t h e  chosen form of  t h e  i n t e r a c t i o n  p o t e n t i a l  
(eq. (19)) permits  only t h e  changes m' = m y  m + 2 ,  o r  m - 2 by a c o l l i s i o n .  
Accordingly , 
m'  = m y  i n  
I f  x = cos 0 ,  then 
1 
(cos O)P m (cos 8 ) s i n 3  0 d e =  12,8= C z 1 C 2  m' PT: (x ) ( l -x2 )PF(x )  dx 2 
The a s soc ia t ed  Legendre func t ions  a r e  orthogonal i n  (-1,  1)  : 
= ( c y  
They a l s o  s a t i s f y  t h e  recur rence  r e l a t i o n s  
(A12a) 
(A12b) 
P;+l(x) = Pm 2- 1 (x) + ( 2 Z +  1 ) d F - T  P?-l(x) (A151 
These r e l a t i o n s  hold  f o r  real and complex x .  For x i n  [-1, 11, t h e  
r a d i c a l  which appears i n  (A13) and (A15) i s  complex. However, t hese  
r e l a t i o n s  w i l l  b e  used t o  develop formulas involv ing  (1 - x2) which is  r e a l  i n  
the  i n t e r v a l .  
45 
I 
I t  has  been found t h a t  Am can t ake  on t h r e e  p o s s i b l e  values  i n  1 2 ,  
w i l l  have a s e p a r a t e  va lue :  
2 ,  8 (Am = 0 ,  + 2 ) ,  and f o r  each of  them, I 
Each case must be  considered s e p a r a t e l y ,  and n o t a t i o n  w i l l  f u r t h e r  be  
abbrevia ted  by w r i t i n g  Pm(x) = Pm. 2 2 
1 
Case ( a ) :  I 2 , 8  = C y , C ; ( l :  Pt,P: dx - J1 Py,x2Py 
When t h e  o r thogona l i ty  proper ty  (A12) i s  app l i ed  t o  t h e  f i r s t  i n t e g r a l  on 
the  r ight-hand s i d e  o f  t h e  above equat ion ,  i t  i s  seen t h a t  t h i s  i n t e g r a l  i s  
zero unless  2' = Z when i t s  value i s  l / (Cy)2 .  
recurrence r e l a t i o n  (A14) by (xPT,), and then  applying t h i s  same equat ion t o  
and xPm which appear i n  t h e  r e s u l t .  F ina l ly ,  i t  i s  t h e  terms X P ~ + ~  
obta ined  t h a t  
The second i n t e g r a l  on t h e  r i g h t  can be  evaluated by mul t ip ly ing  t h e  
m 
2- 1 
When both s i d e s  o f  t h i s  equat ion a r e  i n t e g r a t e d  over  ( - l y  l ) ,  t h e  or thogonal-  
i t y  r e l a t i o n  (A12) shows t h e  r i g h t  s i d e  o f  t h e  r e s u l t i n g  equat ion t o  b e  zero ,  
except when 2' = 2 o r  Z + 2 o r  2 - 2 ;  t h a t  i s ,  f o r  A2 = 0 o r  + 2 .  The 
r e s u l t s  a r e :  
(Z+m) (2-m) (2-m+l) (Z+m+l) I ( A Z = O ,  Am=O) = 1 - 
(2 Z+ 1)  (2 2- 1 )- - (2 Z+l) ( 2 2 + 3 )  2 , e  (A1 7a) 
45 
(Z-m+l) (Z-m+2) (Z+m+2) (Z+m+l) I (+2 ,e)  = - - 
2 ,  e [ (22+1) (22+3)2(22+5) 




Case (b) : I (Z1,2;+2) = C;:' I P:T2(1 - x2)p; dx 
-1 2 ,  e 
In  t h i s  case, t h e  recur rence  r e l a t i o n s  (A13) and (A14) are used t o  wr i t e  
and Pm The pre l iminary  r e s u l t  o f  combining m 
2 ' + 2  21-2' 
P T : ~  i n  terms o f  P 
t h e s e  two equat ions i s  
and from t h i s  equat ion comes 
This  l a s t  equat ion i s  then m u l t i p l i e d  by and equat ion (A18) i s  
appl ied  t o  terms involving Pm+' and PTI:. F i n a l l y ,  i t  is 
der ived t h a t  
2- 1 
(Z1+m+2)(Z1+m+l) (Z1+m-1)(Z1+m) m (2l-m-1) (2l-m) [ 2 2 1 - 1  p 2 1 - 2  - 221--1 (1 - X 2 ) P y  = 2 2 ' + 1  
- 1 2 2 ' + 1  [ 2 2 ' + 3  - 22'+3 p 2 , + 2  (ZI-m-1) (I1-m) (Z'+m+l) (Z'+m+2) (Il-m+l) (Z1-m+2) m 
This equat ion i s  m u l t i p l i e d  by 
o v e r  (-1, 1). I t  i s  seen once more t h a t  t h e  o r t h o g o n a l i t y  r e l a t i o n  (A12) 
prec ludes  r o t a t i o n a l  t r a n s i t i o n s  i n  which 2' i s  n o t  equal t o  2 o r  t o  
2 +2. The r e s u l t s  are:  
P; and t h e  r e s u l t i n g  equat ion i s  i n t e g r a t e d  
l1 ' 2  (Z+m+2)(2+m+l)(Z-m)(Z-m-1) I (0,+2) = -2 2 , 8  [ (22+3)2(22-1)2 (A20a) 
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(l+m+4) (2+m+3) (2+m+2) (Z+m+l) 
(22+5) (22+3)’(22+1) 
I (+2,+2) = 
2 , 8  
(22+3) (22-1)2(22+1)- I”’ (2-m-3) (2-m-2) (2-m-1) (2-m) I (-2,+2) = 2Y9 
(A20b) 
(A20c) 
Case ( c ) :  12,e (2’ ,2 ; -2)  = c z l  m-2C; P;-2(1 - x2)PT dx 
Here, t h e  recur rence  formula (A15) i s  used repea ted ly  t o  ob ta in  
and t h i s  equat ion i s  then i n t e g r a t e d  over ( - 1 , l )  t o  g e t  
I’ ’ 2  (2+m) (Z+m-l) (2-m+2) (Z-m+l) (22+3) (22-1) I (0 , -2)  = + 2  2 , 0  
r2 (Z-m+4) (2-m+3) (2-m+2) (2-m+l) (22+1) (22+3)2 (22+5) I (+2,-2)  = - 2 3  
I l l 2  
(Z+m) (Z+m- 1 )  (2+m- 2) (Z+m- 3) 
( Z Z + l )  (22-1)2 (22-3) 
I (-2,-2) = - 




This completes t h e  eva lua t ion  of  12(Z,Z’;m,m1) = 12(Al,Am), and it  i s  
seen t h a t  t h i s  i n t e g r a l  can take  on a t o t a l  o f  n ine  d i f f e r e n t  express ions ,  one 
f o r  each combination of  t h e  t h r e e  allowed changes, A Z ,  i n  t h e  r o t a t i o n a l  
quantum number and t h e  t h r e e  allowed changes, A m ,  i n  t he  magnetic quantum num- 
b e r .  I f  i t  i s  assumed t h a t  2 >> 1, each o f  t h e s e  expressions can be s impl i -  
f i e d .  For example, a reasonable  approximation f o r  I ( O , O ) ,  using 2 >> 1, 
i s  2 9 8  
2(Z2-m2) - Z2+m2 x l -  - -  2 + m )  (2-m) (2-m-tl) (Z+m-2) 




S i m i  1 a r l y  , 
1 Z 2 - m 2  
I 2 ( 0 , 2 )  = - I ( 0 , 2 )  - ___ 4 2 , e  8Z2 
1 Z2-m2 I 2 ( 0 , - 2 )  = - I ( 0 , - 2 )  M ~ 
4 2 , e  8Z2 
1 Z 2 - m 2  
I 2 ( 2 , 0 )  = I2 , , (2 ,O)  w - ___ 
8Z2 
1 (Z+m) 2 
I 2  ( 2 , 2 )  = 7 12$ ( 2 , 2 )  w 1622 
( Z - m ) 2  ( 2 , - 2 )  =3 - 1 2 ( 2 , - 2 )  = - I 
16Z2 
1 Z 2 - m 2  I 2 ( - 2 , 0 )  = -- I ( -2 ,O)  R3 - 
2 2 , e  8Z2 
1 1 2 ( - 2 , 2 )  = - 1 
I 2 ( - 2 , - 2 )  = - 1 
1 
4 2 , e  
(2-m) 
16Z2 
( - 2 , 2 )  M 
( - 2 , - 2 )  R3 - 
4 2 , e  








(A22f )  
(A2 2g 1 
(A22h) 
( A 2 2 i )  
The  f irst  i n t e g r a l  o n  t h e  r i g h t  i n  t h e  e q u a t i o n  f o r  
w i t h  t h e  use o f  c o s 4  4 = ( 1 / 8 ) c o s  4$ + cos2 $I - 1/8,  as I 3  
c a n  be w r i t t e n ,  
cos (m-mf)$ d+ 1 d$ = - c o s 2  Q cos (m-m')@ d$ - - 2Tr 16~r  
i (m-mf ) 4 cos4 4 e 2Tr 
cos 4$ cos (m-m' ) 4 d$ 
I t  was found ea r l i e r  t h a t  
43 
Hence, af ter  eva lua t ing  t h e  second i n t e g r a l  , 
- i f  mr = m 
8 l / o  cos4 4 e (m-m')$ d$ = 
2ll if m r = m  +2 cos 44 cos (m-m')$ d$ 
2lr 
0 otherwise 
The Last i n t e g r a l  vanishes unless  (m - m r )  = 4, i n  which case i ts  value is  
equal t o  T .  Consequently, 
and the  i n t e g r a l  vanishes f o r  a l l  o t h e r  values  of  m ' .  
When x = cos e ,  t h e  i n t e g r a l  
Now 
(1 - x2)2 = (1 - x2) - x2(1 - x2) 
s o  t h a t  I be comes 
3 , e  
= I 2 , e  - cm:cm Z Z 1; P;: [x2(1-  x2)JP; dx 
Since I has a l ready  been eva lua ted ,  i t  remains only t o  eva lua te  t h e  
i n t e g r a l  2Y0 
50 
'! 
In  o r d e r  t o  c a r r y  out  t h i s  i n t e g r a t i o n ,  t h e  recurs ion  r e l a t i o n s  obta ined  from 
equat ions (AlS), (A16), and (A19) w i l l  be  used. For  example, i f  w e  use 
2 >> 1, equat ion (A16) may be w r i t t e n  
P2'x2P; m = - [2(22 - m2)P;lP;+ ( Z  + m)2P;lp:-2 + ( Z  - m12p;~p;+~] 
4Z2 
This equat ion is  mul t ip l i ed  by x2 t o  g ive  
P;' x4p; M - 4Z2 1 [2(2'- m2)P;'x2P?+ ( z +  m)2P;1x2P;-2 + ( 2  - m)2P?x2P;+2] (A26) 
In similar ways t h e r e  are obta ined  
[ 2 P 3 1 -  x2)Pm-2 - P'z(1- X 2 ) P y 2  - P?(l - x2)P;;z2] (A29) 
1 
4 Z 2  2 '  
PY(1 - x2)2P;;4 w - 
I t  has been found t h a t  Am can t ake  on f i v e  p o s s i b l e  values  i n  13, 
w i l l  have a s e p a r a t e  va lue :  (Am = 0 ,  2 2 ,  +4) and f o r  each o f  t hese ,  1: FI 
When equat ions (A25) and (A26) are i n t e g r a t e d  over  ( -1 , l )  and t h e  usual  
o r thogona l i ty  condi t ions  are appl ied ,  
Therefore  
Z2-m2 Z2-m2 3 (Z2-m2I2 I (0,O) = I (0 ,O)  - I' (0,O) x 1 - ~- -+- 
330 2 , e  3 Y f 3  222 222 8 24 
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an d 
M- (3Z4 + 2Z2m2 + 3m4)62 
12814 
In a similar way, it i s  found t h a t  
(A30 a) 
1 ~ ( 2 , 0 1  - 6422 1 (~4-~4162 (A30b) 
1 .~( -2 ,0)  - - 1 ( ~ 4 - ~ 4 ) 6 2  (A30c) 
I3(4,O) ___ (24- 2 22,2+,4) 6 2  (A30d) 
64Z4 
256Z4 
I3(-4,O) M ~ ( Z4-2Z2m2+m4) 6 2  
256Z4 
(A30e) 
Fur ther ,  it i s  seen from equat ions (A26) and (A25) t h a t  I = 0 f o r  any 
values  o f  2 '  except  2 '  = 2, 2 +2, and 2 +4. 
3 , e  
1 
Case (b ) :  I '  (AZ,2) = C;T2CtJ1  P;t2[x2(1 - x2)]P; dx 
3 ,  e 
The i n t e g r a t i o n  of equat ion (A27) over  ( - 1 , l )  reduces t h e  problem t o  t h e  
i n t e g r a t i o n  o f  equat ion  (A25) over  ( -1 , l )  with 
r e s u l t s  a r e  






(2 + m) ( 2  - m) 362 1 
384Z4 
I3(-4,2)  M - ~ (A31e) 
2' 2 P Z I  [x2(1-x2)]P;  dx Case ( c ) :  I '  (A2,-2) = C m-2cms: m-2 3 ,9  
To i n t e g r a t e  over  ( - 1 , l )  equat ion (A28) reduces t h e  eva lua t ion  o f  
I '  (A2,-2) t o  repea ted  i n t e g r a t i o n s  o f  equat ion (A25) over  ( - l y l ) .  Again, 
only t h e  r e s u l t s  w i l l  be  given:  
3Y9 
( ~ 4 - ~ 4 )  6 2  (A32a) 1 I3(Oy-2)  __ 
64Z4 
1 13(2,-2)  - - 
962' 
(Z-m)2 (Z2+Zm+m2) 6 2  (A32b) 
(Z+m) ( Z 2 -  Zm+m2) 6 2  (A32c) 1 1 3 ( - 2 , - 2 )  - ~ 
962' 
(2-m) 3 (Z+m)62 (A32d) 1 
384Z4 
I3(4,-2)  M -
(Z+m) (2-m) 6 2  (A32e) 1 
384Z4 
I3( -4 , -2)  ss - ~ 
Case ( d ) :  I (A2,-4) = C 
3 , 9  
These i n t e g r a l s  can be eva lua ted  by i n t e g r a t i n g  equat ion  (A29) over  
( - l y l ) .  This reduces t h e  problem t o  repea ted  i n t e g r a t i o n s ,  over  ( - l y l ) y  o f  
1 m m  m m  P'Z(1- X 2 ) P y 2  = - (ZPZP2' - PzPz,;, - 
4 Z2 
which is  obta ined  by d iv id ing  equat ion (A28) by 
obta ined  a r e  : 
x 2 .  The expressions 
1 
256Z4 
I3(0 , -4)  w -(Z-m)2(Z+m)262 
(2-m) (Z+m)62 1 
3842' 





Case ( e ) :  I (AZ,4) = Cy:4C;11 P Y 4 ( l - x  2 ) 2 m  P z  dx 
378 
Evaluat ion of t h e s e  i n t e g r a l s  by methods shown e a r l i e r  gives  
1 
13(-2,4)  w ~ (2-m)3(Z+m)62 
38424 
(2-m) 4 6 2  1 
6 ~ 2 5 6 2 ~  









This completes t h e  eva lua t ion  of I ?  f o r  a l l  al lowed combinations o f  Am and 
A Z ,  and makes it p o s s i b l e  t o  w r i t e  express ions  f o r  t h e  over lap  i n t e g r a l  
(eq. (All)  
6 2  
s i n h  6 B (v,  z,m;v+Av, Z+AZ,m+Am) = 
For example, 
Jv+l,O 
2 L f i  
( 3Z4+2 Z2m2+3m4) 6 6 2  22+m2 1 B(v,Z,m;v+Av,Z,m) = B(Av,O,O) = s i n h  6 2 L G  [F + 12824 
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COMBINATION OF THE B2 (Av,Az,Am) 
The express ion  f o r  t h e  over lap  i n t e g r a l  i s  dependent on m (2,. . . , - 2 , - l ,  ! 
0 = m = 1 , 2 , .  . . , Z )  and y e t  t h e  energy o f  t h e  molecule i s  independent of  m y  
which only descr ibes  t h e  o r i e n t a t i o n  of t h e  angular  momentum vec tor .  
f o r e ,  an average, over  a l l  p o s s i b l e  values  o f  m i s  more a p r o p r i a t e  f o r  use 
i n  energy exchange problems. However, it i s  n o t  B b u c  BF t h a t  i s  propor- 
t i o n a l  t o  t h e  t r a n s i t i o n  p r o b a b i l i t y ,  and t h e  average B2 over  a l l  p o s s i b l e  




This average B 2  w i l l  b e  found s u b j e c t  t o  t h e  assumption t h a t  Z >> 1, 
since I2(AZ,Am) and I3(AZ,Am) have been der ived on t h e  b a s i s  o f  t h i s  
assumption. 
5 B2(Av,AZ,Am) B2(Av,AZ,Am) = 22+1 
m=- Z 
- 
The sum on t h e  r i g h t  o f  t h i s  equat ion can be found e x a c t l y ,  bu t  t h e  same 
r e s u l t s  a r e  a r r i v e d  a t  by w r i t i n g  
Z 
?(Av,AZ,Am) w B2(Av,AZ,Am)dm 
The average $2 i s ,  of  course,  independent of  m. 
I n s t ead  o f  de r iv ing  B2(Av,AZ,Am) f o r  each p o s s i b l e  combination o f  A Z  
and Am, one such d e r i v a t i o n  w i l l  be  made, and t h e  r e s u l t  of t h i s  same proce- 
dure app l i ed  t o  t h e  o t h e r  combinations w i l l  b e  s t a t e d .  The example chosen i s  
$ (Av, 0,O) , whose square 
B2(Av,0,0) = K 
+ 
i s  
1 
128z8 




In  a completely analogous way, t h e  averaged squares  below can be  found. 
367rS2 + - - 
p2(Av,2,2) = B2(Av,-2,-2) = K 28.5 29.3.5.7 212.34.5.7 (A39 1 
- - - 
(A4 1) 
- 
B2(Av,2,4) = B2(Av,4,2) = B2(Av,-2,-4) = B2(Av,-4,-2) = K ( 2 1 ~ ? ~ ~ ~ 7 )  
- - - - 
p2(Av,2,-4)= p2(Av,-4,2) = B2(Av,4,-2) = B2(Av,-2,4) = K (~1:?:. 7)  
(A4 3) 
Each of t h e  squares  B2(Av,AZ,Am) i s  p ropor t iona l  t o  t h e  t r a n s i t i o n  
p r o b a b i l i t y  P (Av,AZ, Am) . 
values  o f  Am i s  given by 
The t o t a l  t r a n s i t i o n  p r o b a b i l i t y ,  f o r  a l l  poss ib l e  
P(Av,Az) = P(Av,AZ,Am) 
Am 
Consequently, t h e  cons t an t ,  B2 (Av,AZ) t o  be used i n  computing t h i s  t r a n s i t i o n  
p r o b a b i l i t y  i s  
56 
B2 ( A v , A z )  = T ( A v , A Z , A m )  
A m  
and when t h e s e  sums are c a r r i e d  ou t ,  us ing  t h e  r e s u l t s  of  equat ions (A37) 
through (A44), i t  i s  found t h a t  
B2(+1,0) = K - + - 1 62  + - 64) (1'5 35 6 30 
1 - 64) 6 2  + 2835 B2(+1,+2) = K 
where 
and (v+l,O) = v + l  o r  v accordingly as A v  = +1. 
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APPENDIX B 
CALCULATION OF COLLISION IMPULSE FOURIER TRANSFORMS 
A s l i g h t l y  asymmetric c o l l i s i o n  p e r t u r b a t i o n  of t h e  form 
U(t)  = Uoeqt sech2 a t  (B1) 
has been used t o  account f o r  t h e  e f f e c t s  o f  i r r e v e r s i b l e  e x c i t a t i o n  of  
v i b r a t i o n a l  energy dur ing  c o l l i s i o n .  
t h i s  impulse i s  
The dimensionless  Four ie r  transform of  
m 
F* = w I  eqt s e c h 2 ( a t ) e  i w t  dt 
This i n t e g r a l ,  which can be w r i t t e n  
w i l l  be evaluated by contour  i n t e g r a t i o n .  Accordingly,  we i n t e g r a t e  the  
complex i n t e g r a l  
J 
about t h e  r ec t angu la r  pa th  shown i n  t h e  ske tch .  
a l l  po in t s  i n t e r i o r  t o  t h i s  contour except a t  t h e  po le  
Consequently , 
The in tegrand  i s  a n a l y t i c  a t  
z = (v i /2 ) .  
I i Y  
5 8  
dY 1: eqxla sech2 x e i ( @ / a )  x d x +  ii’ e (da) (c+iY) sech2 (c+iy)e  (iw/a) (c+iy)  
+ i-‘ e ( q l a )  (x+’i) sech2(x + (iw/a) (x+-rri) dx 
When we take  l i m  
C+ m 
of  both s i d e s  of t h i s  equat ion ,  we ge t  
dY + i l i m  ( s / a )  (C+iY) sech2(c + i y ) e  (iw/a) (c+iy)  
C’m 
Since sech2 z = 1 + tanh2 z, and l i m  tanh z = 1, i t  i s  c l e a r  t h a t  
Z’ 
1 i m  
C+ m 
The second i n t e g r a l  i n  equat ion (B5)  is  t r e a t e d  by w r i t i n g  i t s  in tegrand  i n  
terms of exponent ia l s .  
59 
Since  (q/a)  << 1, it fo l lows  t h a t  (q/a) - 2 < 0 and t h e r e f o r e  
l i m  g(y) = 0 .  Hence, 
C- 
and equat ion (B5) becomes 
I n  o rde r  t o  f i n d  t h e  r e s idue  of 
(iw/a) z f ( z )  = e Cq/a)z sech2 z e 
a t  z = T i ,  i t  i s  of  he lp  t o  write 
where both p (z )  and q (z )  are a n a l y t i c  a t  
expanded about t h a t  p o i n t .  
z = r i / 2 ,  ancl can t h e r e f o r e  be 
If we ca r ry  out  t h e  d i v i s i o n  of  t h e  series, w e  o b t a i n  
and t h e  r e s idue  i s  given by 
60 
Final  l y  , 
-2wvi (q+iw)/a] (vi /2)  m 
w (iw/a)x dx = a .  
[ (q+iw>/a] v i  
F* = aem e(q /a)x  sech2 x e 
1 - e  
(B12) 
arid f o r  (vw/a) >> 1, t h i s  gives  
2vw - ( 4 2 a )  
a2 
F * = + -  (w - i q ) e  
s o  t h a t  
The f a c t o r  [ l  + (q2/w2)] r ep resen t s  t he  co r rec t ion  t o  the  usua l  a d i a b a t i c  
eqt c o l l i s i o n  t r a n s i t i o n  p r o b a b i l i t y ,  which i s  due t o  t h e  asymmetrical f a c t o r  




VIBRATIONAL ENERGY AND ITS DERIVATIVES AT THE 
COLLISION TURNING POINT 
Consider a diatomic molecule s u b j e c t  t o  t h e  p e r t u r b a t i o n  
CCl) 
1 U = U, + - 2 (grad U)e y 
where 
t i a l l y  a t  r e s t  (yi = 0 ) ,  t h e  maximum amplitude of c l a s s i c a l  motion induced a t  
any time t i s ,  according t o  Green’s method 
y = (p - p,), t h e  o s c i l l a t o r  coord ina te .  When t h e  molecule i s  i n i -  
s o  t h a t  
The n e t  amount o f  v i b r a t i o n a l  energy exc i t ed  i s ,  i n  u n i t s  of h w  
This classical  r e s u l t  i s  exac t ly  the  same as t h e  quantum p r o b a b i l i t y  of 
pe r tu rba t ion  theory  
n 
t r a n s i t i o n  0 - 1 given by small  
E = P o 1  = 
where H o l  is t h e  harmonic o s c i l l a t o r  mat r ix  element 
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When t h e  t r a n s i t i o n  p r o b a b i l i t y  becomes too  l a rge  f o r  small p e r t u r b a t i o n  
The methods t o  apply,  Kerner's s o l u t i o n s  of SchrSdinger 's  equat ion  are used.  
harmonic o s c i l l a t o r  i s  found to be (ref. 24) 
I 
I p r o b a b i l i t y  of  t r a n s i t i o n  m + n due t o  a fo rc ing  func t ion  a c t i n g  on a 
i 
i 
-E m+n 2 P,(t) = m!n! e E S,(E) 
where t h e  polynomial S, i s  
j = o  
For p re sen t  purposes ,  t r a n s i t i o n s  from t h e  ground s ta te  are of i n t e r e s t .  
n - E  ~e 
- ___ n! 
- 
Note t h a t  Po1  reduces t o  t h e  usua l  small pe r tu rba t ion  r e s u l t  (eq. (C4) )  
when E i s  small. Also t h e  sum of a l l  Po, i s  u n i t y  as it should be.  The 
t o t a l  energy i n  a l l  v i b r a t i o n a l  modes i s  
nPon = Awe = A w e  (C9) 
n= 1 
v = h w  
n= o 
Where t h e  i n t e r a c t i o n  p o t e n t i a l  i s  exponent ia l ,  (grad U )  = U / L  and 
equat ion (C9) can be expressed 
2 
t 
- =  V(t) E = U e ( t ) P  
h w  
which i s  t h e  r e s u l t  used i n  equat ion  (109). 
s u b s c r i p t s  on B and U f o r  convenience. 
Hereafter, w e  s h a l l  drop t h e  
The v i b r a t i o n a l  energy a t  t = 0 i s  
6 3  
The f irst  i n t e g r a l  on t h e  r i g h t  i s  n e g l i g i b l y  small compared with t h e  second. 
The l a t t e r  can be t r e a t e d  by repea ted  i n t e g r a t i o n  by p a r t s  t o  give 
.... .. 
UO uo uo uo 
w w 3  w5  w 
= - -  . . .  U s i n  u t  d t  = - - + - -- + 
where w e  have used t h e  fact  t h a t  U a n d . a l l  i t s  d e r i v a t i v e s  vanish a t  
It I = 03. Thus, t o  terms o f  first o rde r  i n  w-' 
B2UO2 v, = -h w  
The d e r i v a t i v e s  of  V a t  t = 0 are obta ined  by d i f f e r e n t i a t i o n  of  
equat ion (C10). The cos ine  t ransform of  U and a l l  odd d e r i v a t i v e s  of  U 
a t  t = 0 are taken t o  vanish 
... l1 U cos u t  d t  = Go = Uo = 0 
which i s  equ iva len t  t o  n e g l e c t  of  asymmetrical terms i n  
r e s u l t s  are 
U and V .  Then t h e  
.. ... vo = vo = vo = 0 
.... 2B2w uouo vo = -h 
The v i b r a t i o n a l  energy a t  t h e  tu rn ing  p o i n t  i s  seen t o  vary e s s e n t i a l l y  
as t4 .  These r e s u l t s  a r e  v a l i d  f o r  any impulse func t ion  U(t)  where t h e  
du ra t ion  of  impulse i s  long compared with w-', provided only t h a t  U v a r i e s  
exponen t i a l ly  with d i s t ance  between t h e  c o l l i s i o n  p a r t n e r s .  
ob ta in  i n  t h e  more genera l  case, only U i s  then rep laced  by (L grad U ) .  
S imi l a r  r e l a t i o n s  
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